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Chapter 1 

Introduction 



The history of physics has been characterized by the formulation of leading 
principles that can describe the structure of different systems and provide the 
skeleton of all theories. The equivalence principle and the axioms of quantum 
mechanics are the main examples in this direction. The first is at the basis of 
general relativity which describes gravity and the macroscopic world whereas 
the latter gives us the rules to study microscopic systems. 

The last fifty years have been characterized by numerous attempts to give 
a unified description able to combine quantum mechanics with gravity. In this 
spirit, in the seventies, Hawking studied the propagation of a scalar field in a 
black hole geometry ultimately discovering that these objects emit a thermal 
radiation [J| . Furthermore Bekenstein [2] was able to recognize that it is possible 
to associate to a black hole an entropy 

S=4^+c, (1.1) 

where A is the area of the event horizon and c is a constant which is assumed 
to be bounded. Moreover if we consider a space-time geometry M with a black 
hole inside, the global system has to obey to a generalized second law of ther- 
modynamics which states 

SSt > 0, 

where St is the sum of ()l.l|l and of the entropy of the matter evolving outside 
the event horizion. 

Together with this result, the most striking consequence of the evaporation 
of a black hole has been derived still by Hawking who recognized that this effect 
implies a very profound question about the consistency of the usual quantum 
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mechanical operations in a gravitational system 0. To understand this state- 
ment let us consider an asymptotically flat space-time M with a black hole B 
and a scalar field (p propagating from to 5+ . The entire evoultion of (j) can 
be thought as a scattering process where B plays the role of an intermediate 
state. Assuming that during this event no energy is lost and every conservation 
law is satisfied then the ordinary rules of quantum mechanics grant us that, if 
|m > is the initial state of the system on 3~, than an observer on 3+ will see 
a final state 

\out >— S\in >, 

where S" is a unitary scattering matrix satisfying — S^^ . A more technical 
way to read this statement is to recognize that the final state of a system evolving 
from an initial pure quantum state, has to be pure as well. Bearing this in 
mind and without entering into unnecessary techniqualities, let us consider an 
initial scalar particle vacuum state |0_ > on 3~ which can be expressed as a 
combination of states with different number of particles entering into the black 
hole horizon or escaping to i.e. 

|0- >=Y,>'Ab\A+ > \B„ >, 

where \A+ > is a state at the future infinity whereas \Bh > is a state on 
the horizon. Furthermore any measure of an observable Q at 3+ will lead to 
expectation values depending only on the states \A+ > and thus in ultimate 
instance on the creation and annihilation operators of the fields at This 
implies that 

<0_|Q|0_ >=Y.PacQca, 

where QcA —< C+\Q\A+ > and pj^^ is the density matrix describing all ob- 
servations made on 3+ and for this reason it depends only on the expectation 
values of polynomials in the creation and annihilation operators on 3+. In 
short, the analysis in shows that the above matrix is diagonal in a basis of 
eigenstates of the number operator; thus after a black hole has completely evap- 
orated, the only possible final states for the radiation at 9+ are those with total 
energy equal to the intial mass of the black hole and all these configurations can 
be emitted with equal probability. Eventually the whole process leads to a vi- 
olation of the principles of quantum mechanics where any consistent scattering 
process that can bring from a pure state to a mixed one is forbidden. 
Furthermore the study of a physical system in presence of an extreme gravita- 
tional field does not only lead to a contraddiction with quantum mechanics but 
even with ordinary results of statistical mechanics. A canonical example comes 
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from Susskind JIJ who considers a three dimensional lattice of ^ spin-like degrees 
of freedom whose fundamental spacing is of the order of the Planck length Ip. 
Ordinary statistical mechanics tells us that the number of orthogonal quantum 
states of the system is N{V) — 2" where n is the number of sites occupying a 
certain region of volume V. The maximum entropy available to the system is 
given by the logarithm of the number of degrees of freedom: 

S{V)^\ogN{V)^^\og2, (1.2) 

showing a proportionality with the volume. This is in sharp contrast with the 
Beckenstein formula Hl.l|l since most of the states contributing to the entropy 
have an energy far bigger than the one needed for the system to collapse into 
a black hole and moreover the size of such a black hole could be even greater 
than V itself. 

Going a step further with Susskind's argument we can consider a region V 
filled with enough matter in order to have an entropy S bigger than the one of a 
black hole but without enough energy to form it. Throwing inside other matter 
increases both the entropy and the energy of the system until a gravitational 
collapse begins leading to a final configuration with S proportional to the area. 
Thus the whole process violates the generaHzed second law of thermodynamics 
since SS < 0. 

The above two examples are simply an indication of the apparent contrad- 
diction between general relativity on a side and quantum mechanics and sta- 
tistical mechanics on the other side. Both the arguments given by Hawking 
and Susskind are convincing and difficult to circumvent unless a new radical 
interpretation is given. The counterproposal was given at the beginning of the 
nineties by G. 't Hooft who considered a situation similar to the example 
discussed above. He argued to radically change the way we count degrees of 
freedom in such systems: in presence of gravity, an observer can only excite the 
states with an energy less than the one needed to form a black hole. With this 
prescription in mind let us consider a gas of particles at a finite temperature T. 
The energy of the system is given by the Boltzmann law: 

E cx 

which implies 

S cx VT^. 

Imposing that E < ^ where R is the Schwartzschild radius of the system (thus 
no gravitational collapse can occur), then the entropy satisfies the bound 

S (X < A, 
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which could be read as the statement that a black hole is the physical system 
with the highest reachable entropy. The whole hypotesis provides also an elegant 
solution to Hawking paradox: the information "lost" inside the black hole which 
is eventually emitted through a thermal radiation can be possibly recovered 
bearing in mind that, since the entropy is a measure of the degrees of freedom 
accessible to the system, then the Beckenstein bound is only another way to 
say that all the datas inside the black hole can be encoded on the event horizon 
with a density not exceeding pp, i.e. on a lattice with the Planck length Ip 
as the characteristic one, one bit of information per lattice site. In such a way 
there is no more need to break the laws of quantum mechanics in presence of 
an extreme gravitational field. 

Moreover the above concept can be pushed a step further and it can be 
generalized to the statement that all the information living in a D-dimensional 
manifold M can be encoded in an hypersurface of codimension 1 (usually but not 
necessarly the boundary dM) with a density of states not exceeding pp . Thus 
the main consequence of this idea is that the usual way of counting degrees of 
freedom in a quantum field theory with a cut-off is highly redundant in a system 
where gravity is switched on. In this situation if we try to excite more than j- 
degrees of freedom, we are taking into account a number of states whose energy 
leads to the formation of a black hole and thus in ultimate instance they are 
not accessible. This is the key idea behind 't Hooft holographic principle. 

Since its formulation in 1993 one the main task of modern physics has been 
to associate to the holographic principle a consistent theory in the same way as 
general relativity is the natural son of the equivalence principle. Unfortunately 
up to now there is no such a candidate theory and the main successes in this 
direction have been only Hmited to a certain class of systems. We are going now 
to briefiy review them. 

1.1 The covariant entropy conjecture 

In ultimate analysis the holographic principle represents a new interpretation 
of the deep physical significance of the Beckenstein bound. Thus a natural step 
in order to further motivate 't Hooft conjecture outside the black hole horizon 
is to look for an entropic bound inside a more generic space-time region. 

This question was addressed in a series of papers by Bousso [HI [Z| who con- 
sidered a 3-dimensional space- like region S in arbitrary 4-dimensional manifold^ 

^Although we refer for simplicity to a 4 dimensional manifold, Bousso analysis can smoothly 
be extended to higher dimensions 
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such that its boundary dTt is space-like as well. From each point in i9S it is 
possible to construct four light rays, two future directed and two past directed. 
The set of all these light-like conguences forms the so called "light sheets" whose 
dynamics is governed by the Raychauduri equation 



where ^ = ^^ab is the torsion tensor, and aab is the shear tensor. 

Bousso prescription is to consider all the Hght-sheets L with a negative expansion 
and to follow them until the expansion changes sign or they end on a caustic or 
at the boundary of the geometry. The covariant entropy conjecture states that 
the entropy inside these regions satisfies the bound 



where A is the area of (9S. 

The conjecture can be clearly viewed as a generalization of Beckenstein work 
and of all other entropy bounds derived in the framework of general relativity 
(see as an example jH]). Moreover, by its own construction, the relation lll.4|l 
is manifestly invariant under time reversal which is a property that cannot be 
understood at a level of thermodynamic only and since there is no assumption 
about the microscopic physics of the underlying system, the most natural way to 
interpret Bousso result is at a level of degrees of freedom accessible to the system 
itself. Thus inspired by 't Hooft work, Bousso formulated a sort of generalized 
holographic principle 0: 

Bousso holographic principle: Consider a 2- dimensional region B of area A 
satisfying the covariant entropy conjecture, then the number N of orthonormal 
states in the Hilhert space H describing the physics in the bulk region L satisfies 
the bound 

N < exp 

or equivalently the number of degrees of freedom Ndof accesible to the system is 



de 




(1.3) 




(1.4) 



Ndof < -■ 
■I 4 



This recipe associate to any two dimensional surface two light-like hypersur- 
faces with a bounded number of degrees of freedoms. Nonetheless this result is 
clearly limited to a local a priori fixed region of space-time; on the other hand it 
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would be more interesting to know if it is possible to apply Bousso holographic 
conjecture to an hypersurface able to store informations from the global space- 
time and not only from a limited portion. The solution works exaclty inverting 
the previous prescription: starting from a null hypersurface, one should find 
the geodesic generators with a non negative expansion until the expansion itself 
changes sign. This procedure, called by Bousso "projection", identifies a two 
dimensional spatial surface which is called screen. Moreover inside the class of 
screens, we can identify a certain subclass represented by the surfaces with a 
vanishing expansion at any point. The latter are referred to as preferred screens 
since it has been conjectured in [J] that precisely on these surfaces the holo- 
graphic bound is saturated. In this thesis, we will show that this concept plays 
a pivotal role in the construction of an holographic correspondence at a level of 
quantum field theory. In fact, since it is easy to identify a preferred screen in a 
wide class of space-times, it will be natural to construct explicitly the dual field 
theory on such submanifold. 

Up to now we have given a background independent formulation of the holo- 
graphic principle and we have given as well the rules for finding those surface 
where to encode the bulk information with a density not exceeding one bit of 
information per Planck area. Eventually, in our hands we have a sort of "geo- 
metric" (or classical) holography but up to now we have no clue of what sort 
of theory we should expect on the (preferred) screens. Clearly we cannot find, 
even a priori, a conventional quantum field theory since the holographic prin- 
ciple is far more different and elusive than simply assigning some inital datas 
on a Cauchy surface. Moreover it has been pointed out in [2] that the price for 
protecting quantum mechanics and general relativity from a reciprocal contrad- 
diction could possibly be the loss of locality in the holographic theory. From one 
side this is not surprising since it is difficult to conceive a local quantum field 
theory with cut-off without an entropy proportional to the volume. Nonetheless 
we could still avert the loss of locality of the theory by introducing an unusual 
gauge simmetry. Stripping the details of such a formulation let us briefiy com- 
ment that in this approach, advocated by 't Hooft and mainly applied to the 
black hole scenario, we distinguish between "ontological states" growing in num- 
ber as the volume of the system and "equivalence class" of states growing instead 
as the area and reproducing the Beckenstein bound. This proposal, although 
extremely interesting, is quite difficult to apply in a more general setting and it 
does not reproduce yet Bousso results. For this reason we shall not discuss such 
an approach any longer. 

So far we have used the holographic principle only within the realm of general 
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relativity and the main result has been only to understand where the bound on 
the number of degrees of freedom can effectively be implemented; the next 
natural step is to enter the realm of quantum field theory and try to write a 
theory where such a principle is manifest. The most natural and straightforward 
scenario would be to construct such an "holographic theory" on a preferred 
screen where the bound of one bit of information per Planck area is saturated. 
In this case we expect a kind of dictionary relating the datas on the screen 
with those in the bulk and we will refer from now on to this situation as the 
dual theory. Although it seems very difficult to write such a theory for a generic 
system, up to now the only successful example of an holographic correspondence 
at a level of quantum field theory, namely the AdS/CFT correspondence, is 
indeed a dual theory living on the preferred screen of an asymptotically anti de 
Sitter space-time. 

Nonetheless as pointed out by Bousso in Q, the "dual" approach is in general 
doomed to failure since one of the peculiar aspect of asymptotically AdS space- 
times is the space-like nature of its boundary. This implies that the number 
of degrees of freedom is fixed whereas in presence of a time-like boundary such 
number should evolve in Lorentzian time. In this case we should talk only of 
a "holographic theory" where the information stored on the screen does not 
necessarly saturate the Planck limit and a dictionary relating bulk/boundary 
datas is elusive at best. In this thesis we will advocate this point of view in a 
more radical way since we will deal with a class of manifolds, the most notable 
ones being the asymptotically fiat space-times, where the natural choice as a 
preferred screen, i.e. either the boundary 3+ or is a null submanifold. Thus 
by its own nature, in such a case, the screen does not provide a good notion of 
time evolution and the recognition of the degrees of freedom is difficult since we 
cannot even talk of an "activation" and a "deactivation" of accessible states as 
advocated by Bousso for time-like screens. We will show that in this context it 
is difficult as well to keep track of the concept of locality and it is likely that 
the holographic theory will be most probably very different from a conventional 
gauge theory. 

The final message that we can read from Bousso conjecture is that it can be very 
difficult to use the holographic principle to "describe nature" since its realization 
can be extremely elusive and as far as we understand, it is not manifest either 
in general relativity or in quantum field theory. 
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1.2 Holography and asymptotic symmetries 

At a quantum level the most notable example of the realization of the holo- 
graphic principle is the AdS/CFT correspondence JOI- Although it is not the 
purpose of this thesis to explain the details of such theory Jl] ^2], let us 
nonetheless point out some of the peculiar aspects characterizing this corre- 
spondence as unique by its own nature. 

The original Maldacena's statement deals with the existence of a complete 
equivalence between type IIB superstring theory in the bulk of AdS^ 6*5 and 
maximally supersymmetric 3 + 1 dimensional SU{N) SYM theory (thus confor- 
mally invariant) living on the boundary of the AdS space-time. This correspon- 
dence can be geometrically read as a relation between a string theory invariant 
under 50(2, d~ 1), the symmetry group of the AdSd space time and a quan- 
tum field theory living on dAdSd and invariant under the asymptotic symmetry 
group of the bulk space-time. Moreover, although the gauge/gravity correspon- 
dence has been originally introduced in the maximally symmetric background, 
Maldacena ideas can be generalized to any asymptotically anti-de Sitter back- 
ground by means of an holographic renormalization group; this technique allows 
to compute correlation functions of the dual fields only through near boundary 
computations which rely only upon the asymptotic structure Q^l- In this way 
the original AdS/CFT recipe that associates to every bulk field $ a gauge in- 
variant boundary operator 0$ is still valid and the boundary values of the bulk 
fields are identified with sources that couple to dual operators; eventually the 
on-shell bulk partition function is identified with the generating function of the 
(bulk) qunatum field theory correlation functions: 



where <,> represents the Feynmann quantum field theory expectation value 
and dAAdS is the boundary of an asymptotically anti de Sitter manifold. Fol- 
lowing the details of the foundational work of Henneaux and Teitelbom [l^ it is 
clear that the case of negative cosmological constant is quite peculiar; first of all 
the nature of the boundary itself is extremely unique since, as mentioned before, 
it is a space-like submanifold which in the spirit of Bousso conjecture represents 
a preferred screen. As an example let us consider the AdSd space-time which is 
topologically equivalent to x S"^~^ and can be described through the metric 




< exp( 



dAAdS 




ds^ = i?2 



1 - 



1 + r 




-{dr'+r^dnl_^) 
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where R is the curvature radius. Slicing with hypersurfaces of constant time, 
the boundary is a 2— sphere (thus a space-like submanifold) at r = 1 with 
a divergent area; in the spirit of Bousso's bound, we can consider the past 
directed radial light-rays starting from r = at a certain fixed time. They 
emanate from a caustic (i.e. 9 = +oo in and they form a light cone 

with a spherical boundary which grows in time until it reaches the boundary 
r = 1 where it is easy to check that 9^0 which, in the language of 0, impHes 
that the AdS boundary is a preferred screen. At a quantum level, instead, the 
dual theory is invariant under the conformal group ; this enables us to read 
the bulk/boundary correspondence as a relation between the infrared sectors 
in AdSd and the ultraviolets sector in dAdSd which is a remarkable feature 
since it has allowed to show explicitly that on the boundary the number of 
degrees of freedom is bounded by a bit of information per Planck area which is 
a necessary characteristic of any holographic theory. 

A natural question raising from these considerations is whether and to what 
extent it is possible to follow the road settled by Maldacena in a different back- 
ground. The work done in (asymptotically) dS space is often based upon 
analytic continuation from AdS solutions and thus the results so far are of no 
use in asymptotically flat space-times since the transition of the value of phys- 
ical relevant quantities from non zero cosmological constant to A = is non 
smooth. Thus, in the A = framework what happens is quite different from 
the AdS case; at a geometric level and in the spirit of finding an holographic 
theory we notice that in the class of asymptotically flat space-times the notion 
of preferred screen does not apparently differ from the AdS scenario. Taking 
as leading example Minkowski space-time, the boundaries 3^ are topologically 
equivalent to x S"*~^; in absence of a black hole it is easy to show |2I that the 
value of 9 goes to as we approach the boundary. Nonetheless it is imperative 
to remark that, as soon as a gravitational collapse occur, S"*" does not represent 
any more a screen since, as we can see drawing the Penrose diagram, part of 
the information coming from 3" falls into the black-hole which means, from an 
holographic point of view, that the datas are stored on the apparent horizon. 
Nonetheless the past boundary 3~ can always been seen as a preferred screen 
but this should not mislead us in concluding that the situation is identical to 
the one experienced in the Maldacena conjecture. In fact, as we shall see in 
greater details in chapter 4, in asymptotically flat space-times there is a finer 
relation than in asymptotically AdS manifolds between the asymptotic sym- 
metry group and the background metric. In the A = scenario, the group of 
asymptotic isometrics contains not only the Poincare group which is the bulk 
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symmetry group but also angle-dependent translations which ultimately lead to 
an infinite dimensional Lie group (the BMS group) ^Jl- Leaving the details of 
its derivation to the forthcoming chapters, suffice to say that the BMS group is 
the semidirect product of the Lorentz group with the set of class C°° maps from 
the sphere S'^~'^ to the real numbers and, moreover, it admits a unique four 
dimensional normal subgroup which is isomorphic to the translation subgroup. 
A tempting conclusion would be to mod out the non Poincare part of the BMS 
group by adding some suitable (but unnatural) boundary conditions but, as we 
will show, this is impossible whenever the background metric is not stationary. 
The latter is an unwanted restriction since there is no reason why it should exist 
a different description of a potential holographic theory in presence of a time 
dependent or a non time dependent manifold. 

From the above remarks, it fofiows that there is a further significant dif- 
ference between asymptotically AdS and asymptotically fiat space-times. In 
the first case the preferred screen is a space-like submanifold and the group 
of asymptotic isometries is a universal structure which ultimately does not de- 
pend on the choice of the background metric; on the opposite, in the A = 
scenario, applying Bousso conjecture, it comes natural to store the holographic 
datas on a null hypersurface whose symmetry group, the Bondi-Metzner-Sachs 
group, can be reduced in static backgrounds to the Poincare subgroup. In the 
spirit of an holographic correspondence, this is a characteristic very difficult to 
take into account since at first sight it leads us to conclude that in an asymp- 
totically fiat background, the bulk/boundary correspondence depends partially 
upon the chosen metric and at a geometric level it is not a universal feature. 
Thus, in the spirit of a "universal" gauge/gravity correspondence, we suggest 
not to distinguish between time and non time-dependent backgrounds and to 
try to construct the bulk/boundary relation starting from the full BMS group^. 
For this reason we will not start constructing the dual theory as in AdS in 
the maximally symmetric background (i.e. Minkowski space-time) but we will 
address the problem in the most general framework. 

A further striking difference between the asymptotically AdS and fiat sce- 
nario comes from the quantum theory. As mentioned before in the AdS/CFT 
correspondence (and partially in the dS/CFT scenario) the boundary theory 
is a conformal field theory Hving on a spacelike manifold; thus we have been 
able to explicitly derive both the particle spectrum and the correlators for the 
boundary theory in any asymptotically AdS background and eventually these 

^We expect that, in the eventual holographic theory the existence of a preferred Poincare 
subgroup in static space-times will be recovered in some suitable limit. 
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results led us to discover new insights on the dynamic of the string theory living 
in the bulk. On the opposite in asymptotically flat space-times the situation 
is almost reversed since in an holographic scenario we face a boundary theory 
living on the 3+ or on 5~ which are null submanifolds. This implies that the 
underlying metric is degenerate and the usual techniques fail since at present 
there is no direct way to write either a classical or a quantum fleld theory living 
on 3^. Moreover the spectrum of a BMS field theory is unknown and candidate 
wave equations are not available. This prevents us to compare, as it has been 
done in AdS, the Poincare (bulk) with the BMS (boundary) spectrum in order 
to understand some feature of the holographic correspondence and write a sort 
of bulk/boundary dictionary. Nonetheless although we face a great number of 
odds trying to construct the dual theory, in this thesis we advocate that a line 
of research looking for an holgraphic theory in asymptotically fiat space-times 
through the BMS group is far more reliable than most of the alternatives pro- 
posed until now since most of them deal with the large R limit of the AdS 
scenario without taking into account the non smooth transition of physical ob- 
servables between non vanishing and vanishing cosmological constant. Moreover 
in the above approach the peculiar nature of the asymptotic symmetry group of 
asymptotically fiat space-times is not taken into account and for this reason the 
geometric difference between stationary and non stationary background, which 
is non existent in the AdS scenario, is always hidden. 

Thus, in this thesis, our first step will be to look at BMS representation theory 
following the approach that led Wigner to construct the wave equations for 
the Poincare group. Our final purpose will be to derive the spectrum of the 
candidate dual theory and to compare it with the bulk one; nonetheless we can 
anticipate that, being the Poincare group a subgroup of the BMS, the particle 
spectrum of the asymptotic simmetry group of fiat manifolds will be larger and 
richer compared to the Poincare spectrum thus leading to the natural conjecture 
that the boundary theory will contain an unnecessary large number of datas. 

1.3 "Intrinsic" holography 

The holographic principle has been formulated as a conjecture over the counting 
of degrees of freedom in a physical system without any reference to a particular 
theory. Nonetheless the successes of AdS / CFT correspondence led often to think 
to holography as a gauge / gravity correspondence allowing to describe quantum 
gravity or a quantum field theory in a curved background through a second field 
theory without gravity living on the boundary. Such a way of thinking, although 
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not without credit, requires 't Hooft conjecture only as a necessary condition 
and not as a sufficient one. In particular an interesting line of research would 
be to explore whether it is possible to strengthen the above remark looking for 
an holographic correspondence outside the realm of Maldacena example. 

Bearing in mind such idea, the most natural candidate in this direction is 
a 2 + 1 space-time; in this framework it has been known since the late eighties 
[To] that three dimensional gravity (euclidean and non) with non vanishing 
cosmological constant can be formulated as a Chern-Simons theory. More in 
detail on a manifold with empty boundary M the action for this system is 

S^kJ d^x[A AdA+^AAAAA], (1.5) 

M 

where A is a connection for the gauge group SL{2,C). An interesting feature of 
ljl.5ll emerges if we consider a manifold M such that dM ^ since we have to 
add a boundary term to the above action. Supposing, as an example, that the 
three dimensional variety can be splitted as M — T,gX^ where Sg is a Riemann 
surface, the variation of H1.5|l is 

6S = kj d^xt'"'PTr{5A^,F^p) + k j d^xd^[t^'''PTr{A^5Ap)]. 

This formula impHes that we have to implement a boundary condition such that 
j Tr{A5A) — 0; taking for simplicity Sg as a disk and interpreting the real axis 

dM 

as a time direction, the above boundary constraint can be achieved imposing 
that one of the component of the connection, namely the temporal one Aq, 
vanishes. With this condition imposed, the gravitational action becomes: 

S^-k[ d'^xe'^Tr{A,Aj) + \ ( d^xe'^Tr{AoF,j). 

The component Aq acts as a Lagrange multiplier leading to the constraint Fij = 
which admits as a solution pure gauge connections i.e. 

A = g-^dg. 

Substituting this result in the Chern-Simons action, it becomes 
S^-k J d9dtTr{g-^degg^^dog)+ 



Dxdi 



d^xe^'PTrig-'d^gg-'d^gg-'dpg). (1.6) 

DxSR 
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This is exactly the action of a chiral WZW model and more in general it is possi- 
ble to demonstrate that, dropping the hypotesis that ^ — D, the Chern-Simons 
action still induces a WZW boundary term for any compact surface. Moreover 
a deeper relation between three dimensional gauge theories and CFT can be 
realized upon quantization of the Chern-Simons action. Without entering into 
the technical details [201 [2], we are facing a system which, although at first 
sight the action H1.5II looks highly non linear, can be quantized through a canon- 
ical formalism. Working always for simplicity with M = S x 5ft and with the 
gauge choice = 0, the procedure consists first in quantizing ljl.5|l and then in 
imposing the constraint that the curvature vanishes, i.e. jj^ — e^-'i^/J = 0; this 
implies that we consider as a phase space the moduli space of fiat connections 
over E, modulo gauge transformations. At a geometric level the above proce- 
dure is approximately equivalent to the construction of a suitable Hilbert space 
7is over the Riemann surface S; this operation requires the choice of a complex 
structure J over S and Ti.^ can be interpreted as a holomorphic vector bundle on 
the moduli space of Riemann surfaces. Moreover since we also require that 
is indipendent from J and depends only on E, this impHes the the vector bundle 
given by has fiat connections as we expect in a Chern-Simons gauge theory. 
The above remarks are important since fiat bundles appear also in conformal 
field theory; if one consider, as an example, a current algebra on a Riemann 
surface with a generic symmetry group G at level A:, it is a canonical result that, 
at genus 0, the Ward identities uniquely determine the correlation functions for 
the identity operator and its descendants. On the opposite, when the genus is 
greater than 1, the space of solution of Ward identities for descendants fields of 
the operator I is a vector space often named "space of conformal blocks" which, 
following Segal construction ^j, is exactly identical to the above Hilbert space 

Thus starting from these consideration, we are entitled to claim that there is 
a one to one correspondence between the space of conformal blocks in 1+1 di- 
mensions and the Hilbert space obtained upon quantization of a Chern-Simons 
gauge theory in 2+1 dimensions. Furthermore, although these results rigorously 
apply only to a space-time factorizable as E x 5ft, Moore and Seiberg [23] brought 
Witten's analysis a step further conjecturing that all the chiral algebras of any 
rational conformal field theory arise from the quantization of a 3D Chern-Simons 
gauge theory for some compact Lie group. This hypotesis is clearly very sug- 
gestive; it connects in three dimensions the bulk datas which, at quantum level 
are encoded in the Hilbert space of the theory, to the space of conformal blocks 
of the boundary theory that are ultimately related to the correlation functions 
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which basically encode the dynamic of the theory. 

Although at this stage it would be tempting at first sight to read the above 
statement as a sort of hint of an holographic correspondence, it is imperative to 
remark that this would be at best premature. First of all, even if it would be na- 
tural to read the CS/WZW relation as a sort of rephrasing of the AdSz/CFT2 
correspondence, this point of view is unjustified since there is no way to ex- 
clude a priori that the two relations are differents. Moreover in the spirit of a 
gauge/gravity correspondence it is necessary to find a sort of decoupHng regime 
which allows us to separate the bulk from the boundary dynamics but at present 
time, this is a feature which has not been discovered yet. Nonetheless, taking 
into account the deep relation described before between the space of states of 
a Chern-Simons theory and the space of conformal blocks of a WZW model, 
we still advocate the existence of a sort of "intrinsic" holographic description 
of the CS/WZW system. Furthermore we claim that, instead of studying an 
AdS type correspondence in the continuum, the most natural way to look at 
the bulk/boundary theory in 2+1 dimensions is through a complete different 
approach; in fact is known that three dimensional euclidean gravity on a man- 
ifold with (or without) boundary is equivalent to a discretized model proposed 
by Ponzano and Regge .,24j. 

Without entering for now in unnecessary technical details (2^, in a dis- 
cretized scenario a D-dimensional manifold is approximated through a polyhe- 
dron whose underlying constituent pieces are a collection of D-simplices^ glued 
together along a common D-1 dimensional subsimplex. In this scenario, known 
also as Regge calculus, the main features are to assign to each edge of the 
triangulation a length and to consider the curvature as concentrated over sim- 
pHces of codimension 2 known also as hinges or bones; starting from this simple 
assumption it is possible to give a discretized analogue of Einstein action: 



where | Gi \ represents the volume of the i-th fiat simplex of codimension 2 and 
Ci is the so called deficit angle which is equal to the difference between 27r and 
the dihedral angles between the faces of the simplices meeting at the hinge. 

In the approach proposed by Ponzano and Regge, instead, the recipe is a 
little bit different: even if we deal with a three dimensional triangulated manifold 
with the curvature concentrated over one dimensional bones, we label each edge 
^By a p-simplex cTp with vertices xo,...Xp we mean the subspace of defined as ad = 




bones 



P 



X] AiXi where A; are real positive numbers satisfying the relation '}2 = ^■ 

i=0 i 
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of the simplices with an element ji of the group SU(2) which is ultimately 
related to the length through the relation k = jih+ \ . Moreover, starting from 
the recombinatorial theory of angular momentum, this construction also lead 
us to naturally associate to each face of a triangle a Wigner 2,jm symbol and 
to each tetrahedra a Wigner Qj symbol. Starting from these assumptions, the 
main purpose in was to study the asymptotic formula for the 6j symbol 
in a sort of semiclassical limit where the assignement ji is diverging, h ^ 
but the product jih (thus in ultimate instance the edge length), is kept fixed. 
Eventually it was found'': 

where V is the volume of the tetrahedron and Qi is the external dihedral angle 
at the i — th edge. To connect this formula to quantum gravity let us consider 
the following topological state sum for a generic three dimensional manifold M 
with non empty boundary: 

Z[{M^,dM^)]^ lim V Z[{T^,dT^) ^ {M^,dM^);L], 

I (T3,9T3) I 
I JJ,rn< L J 



Z[{T'{J),dTHj;m)) {M\dM'y,L] = Z[{T\dT'); L] = 

Ni Ns 

A(i)-^« l[i-in2J+l)Y[i-l)^' {6j}(J) 



1 1 



"1 



ML)-" n(-i)''(2j' + 1) n(-i)^'''^'^ (J, j) 
1 1 

[3^-^]^ (1.7) 

1 

where Ni represents the number of i-th simplices in the triangulation T^, {6j} 
and [Sjm] are respectively the 6j and 3jm SU (2) symbols and A{L) is a suitable 
cutoff. In the Hmit where dM — the above formula reduces to: 

Z[M']^ Mm J2 Z[T'{J)'^M^;L] 

L— *oo ^ — ' 

{THf),3<L} 



This formula was rigorously demonstrated by Roberts in [2^ 
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Ni N3 f 

Z[T^ij) ^ M';L] = AiL)-^" [] (-)2^-(2m + 1) H (-)- 

A=l B=l 

(1.8) 

In the semiclassical limit, the state sum becomes 

6 

Z[T'{j);L]=A{L)-^'> Hi-)^^- {2u + 1) [] ^2^^^ '^"M E + I ' 

A=l B=l I 

(1-9) 

and by exploiting the relation cos — — , we can recognize in a term 
which looks like a Feynmann sum over histories i.e. 

Ni N3 

A{Lr^o n (2m + 1) n cxp(* Ji^O, 

A=l B=l edges I 

where e; is the deficit angle at the edge I. Considering the product over the 
edge lengths as a sort of discretized measure we can interpret the last term in 
the above formula as a statistical weight a la Feynmann e^^ with a Regge type 
action S = Yl,jiei. 

In an holographic setting the wish is to decouple in (ll.7|l bulk datas from 
boundary ones and in order to complete this task, we first need to recognize that, 
in a fixed triangulation, the bulk pieces are described by the fiuctuations of the 
SU (2) assignements of the thetraedra completely inside the manifold whereas 
the remaining pieces describe the interaction bulk-boundary and are given by 
those thetraedra having some component on the boundary. In particular, given 
a triangulation T^, we can always refine it in such a way that each thetraedra 
sharing with the boundary a certain number of faces, has actually only one 
face on dT^; this construction provides us with the so called "standard trian- 
gulation". In this framework it is easy to distinguish two types of components 
contributing to the boundary datas: the previously mentioned thetraedra {ctf} 
sharing a face with dT^ whose number will be denoted and those thetraedra 
sharing a single edge {(Te} with dT^ whose number will be . These elements 
represent the coupling thetraedra. In reality, in the spirit of the holographic sce- 
nario, in order to decouple the bulk/boundary datas, we should take a proper 
limit on some metric variable and this role in the PR model is played by those 
thetraedra with all the edges in the interior of but with a single vertex on 
dT^; we shall indicate them as {ctv} and their number will be running from 1 
to NY- 



Jl J2 J3 

ii jb je 



1.3 "Intrinsic" holography 



22 



The decoupling procedure implies that all the boundary component are kept 
fixed and the assignements of "bulk" edges are all rescaled by the same factor 
R. This clearly provides for each separate component a different asymptotic 
expression (see jJJ] and references therein for further details): 



• for the thetaedra ctf we have: 
{6j}iaF,R) = 



Jl J2 J3 

Ji+R J2+R J3 + R 

(-1)*^ jl h h 

V2R Ml A*2 A*3 



i?> 1 



(1.10) 
(1.11) 



where from now on the capital letters are referred to bulk assignments, 
the small to boundary assignments and $ — ji + + js + 2(Ji + J2 + J3), 



• for the tetrahedra (Te we have: 



{6j}{<jE,R) = 



Ji + R 



J 



J2 



J3 + R J4 + R J5 
(-1)* 



R 
R 



i?> 1 2R 



(1.12) 
(1.13) 



where 5* = 3Ji + j + 2( J2 + •-'3 + Ja + J5) + and 9 is the angle between 
the the edge labelled by j and the quantization axis, 

• for the tetrahedra ay we have: 

' Ji+R J2 + R J2 + R] — > 



{6j}{av,R) = 



J4 + R J5 



R Je + R j 
(12^V(ay))-'/' exp I z 1^ Xj^a^a 



i?> 1 

^4)1 



(1.14) 



where V{(Jv) is the Euclidean volume of the tetrahedron spanned by the six 
edges {la}, la = Ja + ^/2 and 9a is the angle between the outward normals 
to the faces which share la (these angles can be obviously expressed in 
terms of the J's). 
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Eventually the partition function associated with this configuration is 

A(i)-^" n (-i)'''(2j+i) n (-i)^-" 
1 1 

■'Vr ni 

Yli-ir^'m AiL)-o Hi-ir^ (2^ + 1) 
1 1 

"2 

n (2i?)-i/2 (^^i)^iJ+R)+E -)/2 [3^-^] [3^-^] 

1 

n(2i?)-i(-i)S(^+«)+^-+* <.3(0) 
1 

n (2i?)-3/2(-l)i:(''+^) exp <^ + tt/4) \ , (1.15) 

1 I Q=l J 

where Ni is the number of edges of those bulk thetraedra that are not part of 
the coupHng datas. 

The last step in order to completely determine the holographic decoupling 
is to recognize that the topological union of {cry} U {crs} U {crp} fills in a thick 
shell of the order of the decoupling parameter R close to the boundary dT^; 
we are thus entitled to introduce the triangulation = (^IntT^) — {ay} U 
{(Te} U {(Tp} and the fixed 2-dimensional triangulation S*"(i?) closing up T^. 
The couple (f^, I]™(i?)) is topologically equivalent to {T^,dT^) and moreover 
S™(i?) represents a sort of "inner boundary" whose intersection with dT^ is 
empty. If we now introduce the set Ni(Tt™ (R)) of i-simplices in S™(i?), we can 
associate to (T'^, S*"(i?), the partition function: 

Z[(f3,S*"(i?));i] = 

A(L)-W,-iVo(E'")) -Q (_i)2./(2J+l) [](-l)5:^ {6j}(J) 
1 1 

Yl (-l)^(2i?)i/2. (1.16) 

1 

In the end, the partition function Ijl.l5ll can formally be splitted in three parts: 

Z — ZliulkPbulk-^ boundZhol-, 

where Zbuik = Z[(T'^, S™(i?)); L], Vbuik^ bound is a projection map connecting 



1.3 "Intrinsic" holography 



24 



the inner boundary with dT^ and finally 

"1 

A(L)-"«-^«(^"') (2j + 1) 

1 

"2 

(_i)(i:")/2[3_^-^] p^-^j 

1 
1 

[](-l)5:^exp<^*(^;„0„+7r/4)L (1.17) 

1 I a=l } 

represents the functional that has to be associated with the holographic partition 
function. 

The first result which comes from the above decoupling is the non topological 
origin of H1.17|l since it is not invariant under Pachner moves; from one side this 
does not allow us to easily recognize the nature of the above functional but on 
the other side this remark is rather encouraging in the spirit of an holographic 
correspondence. Moreover Ijl.lTII shows a residual dependance from bulk datas 
and more precisely from the asymptotic beahviour of bulk (gravitational) fluctu- 
ations. This is in some sense reminding us the AdS/CFT correspondence where 
the source terms for the boundary theory couple a boundary operator to the 
asymptotic beahviour of the bulk fields. A deeper look at II1.17|I allow us to 
give prominence to the presence of a pair of 3jm symbols for each vertex with 
a Wigner symbol connecting them. R-om one side, this suggests that the boun- 
dary functional could possibly be associated to fat trivalent graph which are 
ultimately dual to 2-dimensional triangulations. From the other side the pre- 
sence of 3jm symbols in the boundary partition function encourages us to carry 
on in the direction of finding a relation between (11.1711 and a conformal field 
theory since it is a standard result from Moore and Seiberg (2Sj| that it exists 
a sort of dictionary between CFT and group theory. In particular it is known 
that the Clebsh-Gordan coefficients (thus the 3jm symbols) for a compact Lie 
group G are in one to one correspondence with the chiral vertex operator of the 
corresponding G-invariant conformal theory. Following this line it is also possi- 
ble to show that the Racah coefficients are associated with the fusion matrices 
which in the peculiar case of the SU{2) group are exactly the 6j symbols. Thus, 
within this scheme, it is natural to interpret the functions of the group elements 
as physical fields in a corresponding CFT and the product of these functions 
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as the standard operator product expansion. Moreover, considering the deep 
relation existing between Chern-Simons and WZW models, it is also natural to 
suppose that the boundary theory associated to the system that we are studying 
is exactly a sort of discretized version of an SU(2) WZW conformal field the- 
ory. It is thus intriguing to pursuit this idea trying to relate (11.1711 to a WZW 
action but unfortunately this line of research cannot be swiftly exploited since 
at present a coherent and universally accepted definition of a conformal field 
theory over a triangulated surface is unknown. The reason of such "deficency" 
can be tracked in the underlying big difference between the two models since the 
discretized rely upon a combinatorial approach which is difficult to apply in the 
setting of a conformal field theory that is more analytic in spirit. Nonetheless in 
this thesis we will show that it is possible to circumvent such problem exploting 
the above mentioned correspondence between triangulated surfaces and ribbon 
graphs. Roughly speaking, starting from a standard 2-simplicial complex, we 
will associate to it a dual graph which is ultimately defined through a collection 
of vertices and edges connecting them. In this simple geometrical construction, 
that we will outline more in detail in the next chapter, the underlying surface 
will be "divided" in a collection of closed two dimensional cells; the main feature 
of this operation will be the chance to define in each cell a uniformizing complex 
coordinate and a unique quadratic differential (and as a consequence a metric) . 
This result will allow us to switch from the purely combinatorial approach of the 
simplicial subsdivision of the Riemann surface to a setting which has the twofold 
advantage from one side to retain the datas from the purely discretized approach 
and from the other side to introduce analytic tools which are more suitable if 
we wish to work in the realm of a conformal field theory. Starting from this 
basis and keeping in mind the correspondence between group theory and CFT 
outlined mainly by Moore and Seiberg, in this thesis we will adress the problem 
of the definition of a conformal field theory on a triangulated polyhedron using 
the techniques coming from the "graph approach" to the discretized setting; 
nonetheless, bearing in mind that our ultimate goal is to study the holographic 
correspondence in the Ponzano-Regge calculus and to gain some insight on the 
true nature of the boundary functional Ijl.l7ll . we will specialize our analysis 
on the definition of a WZW model on a triangulated Riemann surface with the 
gauge group SU{2). In particular, following the works of Gaberdiel ^29j, we will 
be able also to explicitly write the partition function for the subcase of a WZW 
model with gauge group SU (2) at level 1 and eventually to compare this result 
with H1.17|l showing striking similiraties between both formulas. 
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1.4 Outline of the thesis 

As we have mentioned several times in the previous sections, the main pur- 
pose of this thesis is to study different physical systems where the holographic 
principle appears to be realized in a way completely different from Maldacena 
approach where "holography" is a synonym of a gauge/ gravity correspondence 
that associate to a field theory in a curved background on a bulk manifold M, 
a gauge theory without gravity living on the boundary of M. Bearing this in 
mind and following the motivations of section 1.3 in the next chapter, we study 
a two dimensional triangulated surface; the leading line will be to introduce sev- 
eral mathematical tools that wc will exploit in chapter 3 in order to introduce a 
WZW model. In particular as we have outlined in the previous section, the natu- 
ral approach in this scenario is to switch from a triangulation to its dual graph; 
thus in section 2.1 we start introducing canonical concepts concerning Regge 
triangulations and in particular wc outline the beautiful Troyanov formulation 
of the Gauss-Bonnet theorem for triangulated manifolds and its implications. 
The key concepts of this chapter will be outlined in section 2.2 and 2.3 where 
we will introduce the barycentric subdivision of a two dimensional triangulation 
T. With this geometric construction we will be able to associate to T a dual 
trivalent graph Pt and we will show how it is possible to parametrize through 
ribbon graphs the moduli space of Riemann surface; moreover we apply Strebel 
theory of quadratic differential in the context of triangulated surfaces emphasiz- 
ing the role of uniformizing complex coordinates. In this section as anticipated 
before we will move from a purely combinatorial language to a more analytic 
approach endowing the dual graph with a complex structure that will play a 
pivotal role in the construction of a conformal field theory. The full extent of 
this change of "language" will be emphasized in chapter 3 which represents the 
main core of this thesis together with chapter 4. In particular, starting from 
a Regge polytope we outline in section 3.1 the construction of a WZW model. 
Since we always bear in mind that our ultimate goal is to apply our results in 
the context of Ponzano-Regge calculus, we speciahze our results to the group 
SU{2). Starting from this point we will be able to achieve a twofold result: in 
section 3.2 we construct the Hilbert space for the theory with G = SU{2) at 
level 1. In particular, since to each dual cell of the dual polytope, is associated a 
separate Hilbert space, we explicitly describe how they are related introducing 
insertion operators associated to the ribbon graph that ahow to switch from 
states from one cell into another. In section 3.3 instead we exphcitly construct 
the partition function for the WZW model with group SU{2)i with the hope 
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to relate the result with Ijl.lTII . In the end we find striking similarities between 
the two formulas but we are not still able to make a full correspondence. 

In the fourth chapter, instead, we switch from the study of a discretized sys- 
tem in three dimensions to asymptotically flat space-times. As in the previous 
chapters, our ultimate goal is to provide new insights in the realization of the 
holographic principle in this framework. As for the Ponzano-Regge scenario, 
we study mainly the asymptotic dynamics of the theory whose informations in 
a flat background are encoded in the asymptotic symmetry group, the Bondi- 
Metzner-Sachs group. For this reason in section 4.1 we review the derivation 
and the main features of this group. In particular we emphasize its twofold 
nature as an asymptotic symmetry group from one side and on the other side as 
the intrinsic symmetry group of the manifold 3. Starting from this remark and 
bearing in mind Bousso covariant entropy conjecture, we address in section 4.2 
the problem of a geometric reconstrucion of the bulk space-time starting from 
datas encoded in S ultimately finding that, due to high focusing of light rays, 
a geometric holography is possible only within a restricted class of manifolds, 
namely the stationary ones. Thus this result forces us to switch our attention 
to the quantum level in order to implement the holographic principle and the 
main problem that we face is the absence of a BMS field theory. For this rea- 
son our first priority will be to determine BMS wave equations and we will 
follow a purely group theoretical way; after extensively reviewing in section 4.4 
McCarthy theory of representation, we present in section 4.5 our main result 
which is the construction of BMS wave equations with the a method similar to 
the one used by Wigner for the Poincare group. Moreover we will emphasize 
the asymptotic role of these fields, i.e. they evolve only on 3 and they never 
propagate in the bulk; this remark will suggest us to pursuit a road similar to 
't Hooft ansatz of introducing an S-matrix in order to describe propagation of 
informations from S''" to 5~ . Furthermore the structure of the fields equations 
will allow us to conjecture that any holographic correspondence in asymptoti- 
cally flat space-times has to show an high degree of non locality. 
Finally in the last chapter, after reviewing our main results, we discuss open 
questions mainly referring to the holographic principle and we present some 
further relation between our work and different approaches. In the end our aim 
will be also to briefly discuss some possible future line of research which could 
have this thesis as a starting point. 

The content and the figures available in this thesis have been taken in part 
from the following papers gOI, EB, 



Chapter 2 



Ribbon graphs and Random 
Regge Triangulations 

The aim of this chapter will be mainly to describe the deep relation existing be- 
tween random Regge triangulations and trivalent ribbon graphs. We will follow 
the Hnes of [HH and jHO] even though we will not concentrate on the description 
of the modular aspects of two dimensional gravity; instead we will emphasize the 
role of the uniformizing coordinates and of the Strebel theorem as the main tools 
needed in order to define a conformal field theory over a triangulated Riemann 
surface. In essence this chapter should be seen as preparatory for an application 
to the WZW model and for the study of the relation between CS/WZW in a 
discretized setting. 

2.1 Triangulated surfaces and Polytopes 

Let T denote a 2-dimensional simplicial complex with underlying polyhedron 
|T| and /- vector {Nq{T), NiiT), N2{T)), where N,{T) e N is the number of 
i-dimensional sub-simplices (t* of T. Given a simplex a we denote by st{a), (the 
star of cr), the union of all simplices of which ct is a face, and by lk{(j), (the link 
of cr), is the union of all faces of the simplices in st{a) such that r\(j — ^. A 
Regge triangulation of a 2 -dimensional PL manifold M, (without boundary), is 
a homeomorphism |T/| M where each face of T is geometrically realized by a 
rectilinear simplex of variable edge- lengths l{a^{k)). A dynamical triangulation 
\Ti=a\ ^ M is a particular case of a Regge PL-manifold realized by rectilinear 
and equilateral simplices of edge-length l(a^{k)) = a (see figure |23J- 
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|T,|-^M 

Figure 2.1: A torus triangulated with triangles of variable edge-length. 

The metric structure of a Regge triangulation is locally Euclidean every- 
where except at the vertices cr°, (the bones), where the sum of the dihedral 
angles, 6{a^), of the incident triangles u^'s is in excess (negative curvature) or 
in defect (positive curvature) with respect to the 27r flatness constraint. The 
corresponding deflcit angle e is deflned by e = 27r — J2a^ where the sum- 

mation is extended to all 2-dimensional simplices incident on the given bone 
(7°. If denotes the (O)-skeleton of \Ti\ M, {i.e., the collection of ver- 
tices of the triangulation), then M\K^ is a flat Riemannian manifold, and any 
point in the interior of an r- simplex has a neighborhood homeomorphic to 

X C(/fc(cr'')), where denotes the ball in R" and C{lk{(7^)) is the cone over 
the link lk{a^), (the product lk{a^) x [0,1] with lk{a'') x {1} identifled to a 
point). In particular, let us denote by C\lk{a^{k))\ the cone over the Hnk of the 
vertex a'^(k). On any such a disk C\lk((7^ (k))\ we can introduce a locally uni- 
formizing complex coordinate C(A:) G C in terms of which we can explicitly write 
down a conformal conical metric locally characterizing the singular structure of 
\Ti\ M, viz., 

e'-\ak)-U<^'{k))\-^^'-^\dak)\\ (2.1) 

where e{k) is the corresponding deflcit angle, and u : ^ M is a continu- 
ous function (C^ on - {o-"(fc)}) such that, for C^{k) —f C,f.{a°{k)), we have 
|C(fc) - Cfc(<T°(fc))| af^, and |C(fc) - Cfe(^°(fc))| ^ both ^ 0, ESj. Up to the 
presence of e^", we immediately recognize in such an expression the metric gg(^k) 
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of a Euclidean cone of total angle 9{k) — 2Tr ~ e{k). The factor e^" allows 
to move within the conformal class of all metrics possessing the same singular 
structure of the triangulated surface |T;| —> M. We can profitably shift between 
the PL and the function theoretic point of view by exploiting standard tech- 
niques of complex analysis, and making contact with moduli space theory (see 
figure 123. 




2.1.1 Curvature assignments and divisors. 



In the case of dynamical triangulations, the picture simplifies considerably since 
the deficit angles are generated by the numbers #{(T^(ft,)_Li7°(i)} of triangles in- 
cident on the Nq(T) vertices, the curvature assignments, {qik)}^^^^'' G pf^o(T)^ 



2'K-£{i) 



(2.2) 



arccos(l/2) 

For a regular triangulation we have q{k) > 3, and since each triangle has 3 
vertices cr°, the set of integers {Q{k)}^l^j^^ is constrained by 



No 



qik) = 3N2 = 6 



k=l 



1 - 



xiM) 



NoiT) 



Nq{T), 



(2.3) 



where xi^^) denotes the Euler-Poincare characteristic of the surface, and where 
, (~ 6 for No{T) » 1), is the average value of the curvature 



1 



X{M) 
No{T) 
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assignments {q{k)}^^^. More generally we shall consider semi-simplicial com- 
plexes for which the constraint q{k) > 3 is removed. Examples of such con- 
figurations are afforded by triangulations with pockets, where two triangles are 
incident on a vertex, or by triangulations where the star of a vertex may contain 
just one triangle. We shall refer to such extended configurations as generalized 
(Regge and dynamical) triangulations. 

The singular structure of the metric defined by H2.1|l can be naturally sum- 
marized in a formal linear combination of the points {cr*'(fc)} with coefficients 
given by the corresponding deficit angles (normalized to 27r), in the real divisor 

ED 

^-(r) ^ ( ) o\k) = V ( ^ - 1 ) o\k) (2.4) 



k=\ ^ ' k=l ^ 

supported on the set of bones {c^lOli^i^^ ■ Note that the degree of such a 
divisor, defined by 

\D^v{T)\ = ^ J-i - 1 = -x{M) (2.5) 

k=l \ ^ ^ 

is, for dynamical triangulations, a rewriting of the combinatorial constraint 
ifOl . In such a sense, the pair {\Ti^a\ ^ M,Div{T)), or shortly, {T,Div{T)), 
encodes the datum of the triangulation \Ti=a \ M and of a corresponding set 
of curvature assignments {q{k)} on the vertices {o'°(i)}^{"^''. The real divisor 
\Div{T)\ characterizes the Euler class of the pair {T, Div{T)) and yields for a 
corresponding Gauss-Bonnet formula. ExpHcitly, the Euler number associated 
with {T,Div{T)) is defined, gH, by 

e{T,Div{T)) = x{M) + \Dtv{T)\. (2.6) 
and the Gauss-Bonnet formula reads 35j: 

Lemma 1 (Gauss-Bonnet for triangulated surfaces) Let {T, Div(T)) be 
a triangulated surface with divisor 

k=l ^ ^ 

associated with the vertices {i^^{k)}^^^\ Let ds^ he the conformal metric \2. 1]) 
representing the divisor Div{T) . Then 



— [ KdA:^ e{T,Div{T)), (2., 
27r Jm 
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where K and dA respectively are the curvature and the area element correspond- 

,2 



ing to the local metric ds"^ 



Note that such a theorem holds for any singular Riemann surface S described 
by a divisor Div{Y,) and not just for triangulated surfaces Since for a 

Regge (dynamical) triangulation, we have e(Ta, Div{T)) — 0, the Gauss-Bonnet 
formula implies 



-!- / KdA = Q. (2.9) 



Thus, a triangulation \Ti\ M naturally carries a conformally flat structure. 
Clearly this is a rather obvious result, (since the metric in M — {o'°(i)}^°i^'' is 
flat). However, it admits a not-trivial converse (recently proved by M. Troyanov, 
but, in a sense, going back to E. Picard) [HSj, [HE|: 

Theorem 2 (Troyanov- Picard) Let {{M,Csg) , Div) be a singular Riemann 
surface with a divisor such that e(M, Div) = 0. Then there exists on M a unique 
(up to homothety) conformally flat metric representing the divisor Div. 



2.1.2 Conical Regge polytopes. 

Let us consider the (flrst) barycentric subdivision of T. The closed stars, in such 
a subdivision, of the vertices of the original triangulation Ti form a collection of 
2-cells {p^ {i)}fj!i'^^ characterizing the conical Regge polytope \Pti \ M (and 
its rigid equilateral specialization {Pxal ~^ M) barycentrically dual to |T/| M. 
If (A(fc),x(fc)) denote polar coordinates (based at cr°(fc)) of a point p £ p^{k), 
then p^(fc) is geometrically reaHzed as the space 

{(A(fc), x(fc)) : A(fc) > 0; x{k) e R/{2tt - e{k))Z}/ (0, x(fc)) ~ (0, x'{k)) 

(2.10) 

endowed with the metric 



dX{kf + Xikfdxikf, (2.11) 

as it can be seen in flgure lOl 

In other words, here we are not considering a rectilinear presentation of the 
dual cell complex P (where the PL-polytope is realized by flat polygonal 2- 
cells {/3^(«)}^{^'') but rather a geometrical presentation \Pti | — > M of P where 
the 2 -cells {p^ (i)}^^^^^^ retain the conical geometry induced on the barycentric 
subdivision by the original metric 112. l|l structure of \Ti\ — > M. 
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Figure 2.3: The conical geometry of the baricentrically dual polytope. 

2.1.3 Hyperbolic cusps and cylindrical ends. 

It is important to stress that whereas a Regge triangulation characterizes a 
unique (up to automorphisms) singular Euclidean structure, this latter actually 
allows for a more general type of metric triangulation. The point is that some 
of the vertices associated with a singular Euclidean structure can be charac- 
terized by deficit angles e{k) — > 27rie., J2a'^{k)^i'^'^i^)) = 0. Such a situation 
corresponds to having the cone C\lk{a^{k))\ over the link lk{a^{k)) realized by 
a Euclidean cone of angle 0. This is a natural limiting case in a Regge triangula- 
tion, (think of a vertex where many long and thin triangles are incident), and it 
is usually discarded as an unwanted pathology. However, there is really nothing 
pathological about that, since the corresponding 2-cell p^(fc) £ \Pti \ M can 
be naturally endowed with the conformal Euclidean structure obtained from 
ijSU by setting ^ = 1, i.e. 

e'-\m-Ck{<^'mv^\dm\\ (2.12) 

which (up to the conformal factor e^") is the fiat metric on the half-infinite 
cylinder §^ x M+ (a cylindrical end, see figure 1274}! . 

Alternatively, one may consider p^{k) endowed with the geometry of a hy- 
perboHc cusp, i.e., that of a half- infinite cyHnder §^ x M+ equipped with the 
hyperbolic metric \{k)~'^ (dX(kY +dxik)'^). The triangles incident on cr°(fc) are 
then realized as hyperbolic triangles with the vertex cr°(fc) located at A(fc) = 00 
and corresponding angle 9k = Opi]. Since the Poincare metric on the punctured 
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I 




Figure 2.4: The cylindrical and hyperbolic metric over a 9 ^ degenerating 
polytopal cell. 



disk {C(fc) e C| < |C(fc) - Cfe(^°(fc))| < 1} is 

(|C(^)-C.(.°W)|ln^(^:p^(^) 'mk)\\ (2.13) 
one can shift from the Euclidean to the hyperbolic metric by setting 

-"^(■" KW-c'(»°W)l )"- 

and the two points of view are strictly related. At any rate the presence of hyper- 
bolic cusps or cylindrical ends is consistent with a singular Euclidean structure 
as long as the associated divisor satisfies the topological constraint Il2.5|l , which 
we can rewrite as 



E 



(2.15) 



In particular, we can have the limiting case of the singular Euclidean structure 
associated with a genus g surface triangulated with Nq — 1 hyperbolic vertices 
{(7'^(fc)}^^^ (or, equivalently, with No — 1 cylindrical ends) and just one stan- 
dard conical vertex, a^^No), supporting the deficit angle 

-^ = 25-2+(iVo-l). (2.16) 
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2.2 Ribbon graphs on Regge Polytopes 

The geometrical realization of the 1-skeleton of the conical Regge polytope 
\Pti I — > M is a 3-valent graph 

r = ({p°(fc)},{pi(j)}) (2.17) 

where the vertex set is identified with the barycenters of the tri- 

angles {o'°(fc)}fc^i € M, whereas each edge p^{j) € {p^{j)}jli is 

generated by two half-edges p^{j)~^ and p^{j)~ joined through the barycen- 
ters {W{h)}^l}^^ of the edges {a^{h)} belonging to the original triangulation 
\Ti\ ^ M. If we formally introduce a ghost-vertex of a degree 2 at each middle 
point {W{h)}^^^^\ then the actual graph naturally associated to the 1-skeleton 
of |Pt, I ^ M is the edge-refinement P] of T = ({/3°(/c)}, {pHj)}), i-e- 

(Ni{T) Ni(T) \ 

{pO(fc)} □ {w{h)}Ap\m u {p'or} , (2.18) 
h=i j=i J 

as it can be seen in figure EH 




Figure 2.5: The dual polytope around a vertex and it's edge refinement. 



The natural automorphism group Aut{Pi) of \Pti\ — > M, (i.e., the set of 
bijective maps F = {{p°{k)}^{p^{j)}) — > F = i{p^{k)}, {p^{j)} preserving the 
incidence relations defining the graph structure), is the automorphism group of 
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its edge refinement |2HIi Aut{Pi) = Aut{Tref)- The locally uniformizing com- 
plex coordinate C(^) G C in terms of which we can explicitly write down the 
singular Euclidean metric H2.1II around each vertex a^{k) £ \Ti \ ^ M, provides a 
(counterclockwise) orientation in the 2-cells of \Pt, \ M. Such an orientation 
gives rise to a cyclic ordering on the set of half-edges {p^(j)*}^J^'' incident 
on the vertices {p^ik)}^l'"^K According to these remarks, the 1-skeleton of 
\Pti\ —> M is a ribbon (or fat) graph jj^, a graph T together with a cyclic 
ordering on the set of half-edges incident to each vertex of F. Conversely, any 
ribbon graph T characterizes an oriented surface M{T) with boundary possess- 
ing r as a spine, {i.e., the inclusion F ^ M{T) is a homotopy equivalence). In 
this way (the edge-refinement of) the 1-skeleton of a generaHzed conical Regge 
polytope \Pti | — > M is in a one-to-one correspondence with trivalent metric rib- 
bon graphs. The set of all such trivalent ribbon graph F with given edge-set e(F) 
can be characterized PHI, PHI as a space homeomorphic to rI^^'"-'', (|e(F)| denot- 
ing the number of edges in e(F)), topologized by the standard e-neighborhoods 
Ue C r'^^^^'. The automorphism group Aut{T) acts naturally on such a space 
via the homomorphism Aut(r) <Se(r), where (5e(r) denotes the symmetric 
group over |e(r)| elements, and the resulting quotient space m}^'"^''^ / Aut{T) is a 
differentiable orbifold. 



2.2.1 The space of 1-skeletons of Regge polytopes. 

Let Autd{Pi) C Aut{Pi), denote the subgroup of ribbon graph automorphisms 
of the (trivalent) 1-skeleton F of |Pt, | M that preserve the (labeling of the) 
boundary components of F. Then, the space KiRP^^^ of 1-skeletons of conical 
Regge polytopes \Pti \ M, with No{T) labelled boundary components, on a 
surface M of genus g can be defined by |38] 

™|e(r)| 



reRGB„_N, 



where the disjoint union is over the subset of all trivalent ribbon graphs (with la- 
belled boundaries) satisfying the topological stability condition 2 — 2g — No{T) < 
0, and which are dual to generaHzed triangulations. It follows, (see |3H1 theo- 
rems 3.3, 3.4, and 3.5), that the set KiRP™^^ is locally modelled on a stratified 
space constructed from the components (rational orbicells) M^^^^''^ j Autd{Pi) by 
means of a (Whitehead) expansion and collapse procedure for ribbon graphs, 
which amounts to collapsing edges and coalescing vertices, (the Whitehead move 
in \Pti I ^ M is the dual of the familiar fiip move |23 for triangulations). Ex- 
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plicitly, if l{t) — tl is the length of an edge p^{j) of a ribbon graph r;(j) S 
KiRPp^*^, then, as t ^ 0, we get the metric ribbon graph T which is obtained 
from r;(t) by collapsing the edge p^{j). By exploiting such construction, we can 
extend the space KiRPg^^*^ to a suitable closure KiRPg j^^ jSHj, (this natural 
topology on KiRP^^^ shows that, at least in two-dimensional quantum gravity, 
the set of Regge triangulations with fixed connectivity does not explore the full 
configurational space of the theory). The open cells of KiRP^^^^^ being asso- 
ciated with trivalent graphs, have dimension provided by the number Ni{T) of 
edges of \Pti | — > Af, i.e. 

dim [i^iiiPg"^;,] = iVi(r) = 3iVo(T) + 6g - 6. (2.20) 

There is a natural projection 

p : ifii?P™j^* K^'"(^) (2.21) 
Tl — >p{T) = {Iu-,Ino{t)): 

where (/i, ^jVo(T)) denote the perimeters of the polygonal 2-cells {p^{j)} of 
\Pti I M. With respect to the topology on the space of metric ribbon graphs, 
the orbifold KiRP"^^^ endowed with such a projection acquires the structure 
of a cellular bundle. For a given sequence {Z(9(p^(/c)))}, the fiber 

p-^imp'ik)))}) = -Me K.RP^l : {h} = {mp\k)))}] (2.22) 

is the set of all generalized conical Regge polytopes with the given set of perime- 
ters. If we take into account the Nq{T) constraints associated with the perime- 
ters assignments, it follows that the fibers p^^ {{l{d{p^ (k)))}) have dimension 
provided by 

dim [p-\{mp\k)))}] - 2NoiT) + 65-6, (2.23) 

which again corresponds to the real dimension of the moduH space ^g,No of 
iVo-pointed Riemann surfaces of genus g. 



2.2.2 Orbifold labelling and dynamical triangulations. 

Let us denote by 

riT = , , (2.24) 

the rational cell associated with the 1-skeleton of the conical polytope IPt^I ~^ 
M dual to a dynamical triangulation |T]=a| M. The orbicell Ij2.24ll contains 
the ribbon graph associated with \Pt^ \ M and all (trivalent) metric ribbon 
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graphs \Ptl \ ~^ M with the same combinatorial structure of |Pt„| M but 
with all possible length assignments associated with the corre- 

sponding set of edges {p^{h)}f^'"^\ The orbicell ilxa is naturally identified with 
the convex polytope (of dimension (27Vo(T) + 6(7 — 6)) in M^^^"^' defined by 

r l{k) ] 

I {l{p\m e ■■Y.'^UiTa)l{p\j)) = ^ag(fc), k = l,...,No \ , 

(2.25) 

where A^j,^(Tq) is a (0,1) indicator matrix, depending on the given dynami- 
cal triangulation \Ti^a\ M, with A^j,j(Ta) ~ 1 if the edge p^{j) belongs to 
9(/9^(fc)), and otherwise, and ^aq{k) is the perimeter length l{d{p^{k))) in 
terms of the corresponding curvature assignment q{k). Note that I^Tal ^ M 
appears as the barycenter of such a polytope. 

Since the cell decomposition Ij2.19|l of the space of trivalent metric ribbon 
graphs KiRPp^^ depends only on the combinatorial type of the ribbon graph, 
we can use the equilateral polytopes \PtJ dual to dynamical triangula- 

tions, as the set over which the disjoint union in II2.19|I runs. Thus we can write 

KiRPgX= U (2-26) 

VT(No) 

where 

VTg (No) = {\Ti^a\ -> M : (a°(fc)) fc = 1, iVo(T)} (2.27) 

denote the set of distinct generalized dynamically triangulated surfaces of genus 
g, with a given set of No{T) ordered labelled vertices. 

Note that, even if the set T>Tg {Nq) can be considered (through barycentrical 
dualization) a well-defined subset oi KiRP^^^, it is not an orbifold over N |4()) . 
For this latter reason, the analysis of the metric stuctures over (generalized) 
polytopes requires the use of the full orbicells VIt^ and we cannot limit our 
discussion to equilateral polytopes. 

2.2.3 The ribbon graph parametrization of the moduli 

space 

We start by recaUing that the moduH space ^g,No of genus g Riemann sur- 
faces with TVq punctures is a dense open subset of a natural compactification 
(Knudsen-Deligne-Mumford ) in a connected, compact complex orbifold denoted 
by SUlgjAfQ. This latter is, by definition, the moduli space of stable iVo-pointed 
curves of genus 5, where a stable curve is a compact Riemann surface with at 
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most ordinary double points such that all of its parts are hyperbolic. The clo- 
sure 997tg,jVo of dJlgjNo in dyig,Ng consists of stable curves with double points, 
and gives rise to a stratification decomposing ^g,No into subvarieties. By def- 
inition, a stratum of codimension k is the component of dJlg,No parametrizing 
stable curves (of fixed topological type) with k double points. 

The complex analytic geometry of the space of conical Regge polytopes which 
we will discuss in the next section generalizes the well-known bijection (a home- 
omorphism of orbifolds) between the space of metric ribbon graphs KiRP^^^ 
(which forgets the conical geometry) and the moduli space 2tg,Aro of genus g 
Riemann surfaces {{M; Nq),C) with Nq{T) punctures PHI, jnO]- This bijection 
results in a local parametrization of 3Hg,Ar(, defined by 

h : KiRP;;:^l ^ ^9'^o X R+ (2.28) 
T^[{{M;No),C),k] 

where (^i, I No) is an ordered n-tuple of positive real numbers and F is a metric 
ribbon graphs with No{T) labelled boundary lengths {k} (see figure [^J. 




Figure 2.6: The map h associates to each ribbon graph an element of the deco- 
rated moduH space 97lg,jVo x ^No ■ 
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If KiRPg j^^ is the closure of KiRP^^^, then the bijection h extends to 
KiRP^J^^ — > ^g,No 'xR^" in such a way that a ribbon graph T g RGP^'^^ is 
mapped in two (stable) surfaces Mi and M2 with Nq(T) punctures if and only 
if there exists an homeomorphism between Mi and M2 preserving the (labelling 
of the) punctures, and is holomorphic on each irreducible component containing 
one of the punctures. 

According to Kontsevich ^I], corresponding to each marked polygonal 2-cells 
{p^(fc)} of \Pti I M there is a further (combinatorial) bundle map 

C£k ^ KiRP^^l (2.29) 

whose fiber over (r,p^(l), ...,p^(iVo)) is provided by the boundary cycle dp^{k), 
(recall that each boundary dp^{k) comes with a positive orientation). 

To any such cycle one associates PHI, 01] the corresponding perimeter map 
l{d{p^{k))) = ^ l{p^{ha)) which then appears as defining a natural connec- 
tion on CCk- The piecewise smooth 2-form defining the curvature of such a 
connection, 

is invariant under rescahng and cyclic permutations of the l{p^{h^))^ and is a 
combinatorial representative of the Chern class of the fine bundle CCk ■ 

It is important to stress that even if ribbon graphs can be thought of as 
arising from Regge polytopes (with variable connectivity) , the morphism Ij2.28ll 
only involves the ribbon graph structure and the theory can be (and actually 
is) developed with no reference at all to a particular underlying triangulation. 
In such a connection, the role of dynamical triangulations has been slightly 
overemphasized, they simply provide a convenient way of labelling the different 
combinatorial strata of the mapping II2.28|I . but, by themselves they do not 
define a combinatorial parametrization of 9Jlg,jVo for any finite Nq. However, it 
is very useful, at least for the purposes of quantum gravity, to remember the 
possible genesis of a ribbon graph from an underlying triangulation and be able 
to exploit the further information coming from the associated conical geometry. 
Such an information cannot be recovered from the ribbon graph itself (with 
the notable exception of equilateral ribbon graphs, which can be associated 
with dynamical triangulations), and must be suitably codified by adding to the 
boundary lengths {U} of the graph a further decoration. This can be easily done 
by expHcitly connecting Regge polytopes to punctured Riemann surfaces. 
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2.3 Punctured Riemann surfaces and Regge po- 
lytopes. 

As suggested by H2.1II . the polyhedral metric associated with the vertices {cr"(i)} 
of a (generalized) Regge triangulation |T/| M, can be conveniently described 
in terms of complex function theory. We can extend the ribbon graph uni- 
formization of jnH] and associate with the polytope |Pt, | ^ M a complex struc- 
ture {{M; No),C) (a punctured Riemann surface) which is, in a well-defined 
sense, dual to the structure H2.1|l generated by |T/| M. Let p^(fc) be the 
generic two-cell € \Pti \ M barycentrically dual to the vertex (T°(fc) G jT/l 
M. To the generic edge p^{h) of p^(fc) we associate a complex uniformizing 
coordinate z{h) defined in the strip 

Upi(h) = {z{h) e C I < Rez{h) < lip\h))}, (2.31) 

l{p^{h)) being the length of the edge considered. The uniformizing coordinate 
w(j), corresponding to the generic 3-valent vertex p"(j) G p^{k), is defined in 
the open set 

C/pO(,) - {^J) e C I \w{j)\ < S, w{j)[p"U)] = 0}, (2.32) 

where (5 > is a suitably small constant. Finally, the two-cell p'^{k) is uni- 
formized in the unit disk 

f/p^(fc) = {C(fc) € C I |C(fc)| < 1, C(fc)K(fc)] = 0}, (2.33) 

where a^{k) is the vertex e |r;| ^ M corresponding to the given two-cell (see 
figure 1221). 

The various uniformizations {w(j), J/pOQ)}^!"^', {^(/i), J7pi(/i)}^^]J^', and 
{(■(fc), t/p2(j,')}^^^"^'' can be coherently glued together by noting that to each 
edge p^{h) e p^(fc) we can associate the standard quadratic differential on UpH^h) 
given by 

(t>{h)\pi(h) = dz{h) (g) dz{h). (2.34) 

Such (/)(ft,)|pi(^) can be extended to the remaining local uniformizations Upa(^j'^, 
and C/p2(i,), by exploiting a classic result in Riemann surface theory according 
to which a quadratic differential 4> has a finite number of zeros nzeros i4>) with 
orders ki and a finite number of poles Upoies {4>) of order Si such that 

h- =45-4. (2.35) 

i=l i=l 
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Figure 2.7: The local presentation of uniformizing coordinates. 

In our case we must have n^eros(0) — N2{T) with ki — 1, (corresponding to 
the fact that the 1-skeleton of |P;| ^ M is a trivalent graph), and npoies{4>) = 
No{T) with Si — s '^i, for a suitable positive integer s. According to such 
remarks (I2.^i'ill reduces to 



From the Euler relation Nq{T) - Ni{T) + N2iT) = 2-2g, and 2iVi(r) = 3N2{T) 
we get N2{T) - 2iVo(T) =4^-4. This is consistent with ifOfill if and only if 
s = 2. Thus the extension of 4'{h)\pi(h) along the 1-skeleton of \Pi\ M 
must have N2(T) zeros of order 1 corresponding to the trivalent vertices {p"(j)} 
of \Pi\ M and No{T) quadratic poles corresponding to the polygonal cells 
{p^{k)} of perimeter lengths {/(9(p^(fc)))}. Around a zero of order one and 
a pole of order two, every (Jenkins-Strebel p^) quadratic differential has a 
canonical local structure which (along with Ij2.;-i4ll l is given by ||-i8) |42j 



where {p°{j), p^{h), p^{k)} runs over the set of vertices, edges, and 2-cells of 
\Pti\ — > M. Since (^(/i)|pi(;j), 0(j)|pO(j), and 0(fc)|p2(j.-) must be identified on 



iV2(r)-siVo(T) = 45-4. 



(2.36) 




(2.37) 
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the non-empty pairwise intersections [^pO(j) n Upi(h), Up^(h) H ?7p2(fe) we can 
associate to the polytope \Pti \ ^ M a complex structure {{M;No),C) by co- 
herently gluing, along the pattern associated with the ribbon graph T, the local 
uniformizations {[/pO(j)}jJi , {Upi(h)}hLi , and {Up2(^k)}k=i ■ Explicitly, let 
{C/pi(j^)}, a = 1,2,3 be the three generic open strips associated with the three 
cyclically oriented edges {p^{ja)} incident on the generic vertex p^{j). Then the 
uniformizing coordinates {z{ja)} are related to w{j) by the transition functions 

w{j) ^ e^^'^ z{ja)K a = 1,2, 3. (2.38) 

Note that in such uniformization the vertices {p°(i)} do not support conical 
singularities since each strip t^pi(j„) is mapped by H2.38II into a wedge of angular 
opening This is consistent with the definition of |Pt, | M according 
to which the vertices {p°(j)} S |PrJ M are the barycenters of the flat 
{cr^(j)} e \Ti\ M. Similarly, if {Up^kf,)}, P = 1, 2, g(A:) are the open 
strips associated with the q{k) (oriented) edges {p^ikp)} boundary of the generic 
polygonal cell p'^{k), then the transition functions between the corresponding 
uniformizing coordinate ((k) and the {z(fc^)} are given by ^38] 

C(fc) = exp I i(^Q^p2lk))) I E ^(/''(^/s)) + ^(^-) II' = 1' (2-39) 



with X]/3=i • == 0, for = 1. 

2.3.1 A Parametrization of the conical geometry. 

Note that for any closed curve c : ^ t^p2(fc), homotopic to the boundary of 
C^p2(fc), we get 

^mpHk)=mp'ik)))- (2.40) 

which shows that the geometry associated with 4>{k)p2{k) is described by the 
cylindrical metric canonically associated with a quadratic differential with a 
second order pole, i.e. 

I^Wp^(^)|-^1I|^MCW^ (2-41) 
= {C(fc) e C| < |C(fc)| < 1}, (2.42) 



If we denote by 
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the punctured disk C J7p2(fe), then for each given deficit angle e{k) = 2-1:— Oik) 
we can introduce on each the conical metric 

^4) ^ ^IC(fc)r^(^)MC(fc)r= (2.43) 
= |C(A:)|^(^)|0(A:),.(,)|. 

It follows that we can apply the explicit construction [2H| of the mapping H2.28II 
for defining the decorated Riemann surface corresponding to a conical Regge 
polytope. Then, an obvious adaptation of theorem 4.2 of PHI provides 

Proposition 3 Let {pk}k=i ^ denote the set of punctures corresponding to 
the decorated vertices {o'°(fc), of the triangulation \Ti\ M and let 

r he the ribbon graph associated with the corresponding dual conical polytope 
{\Pti \ M), then the map 



T : (|PtJ - M) ^((A/;iVo),C);{ds2,)}) (2.44) 

Af2(T) Ni{T) No{T) 



U ^P°i3) U ^P'W U iUp^k),dsf 



{p°U)} {pHh)} {pHk)} 

defines the decorated, No-pointed, Riemann surface {{M;Nq),C) canonically as- 
sociated with the conical Regge polytope |Pt, | M. 

In order to describe the geometry of the uniformization of {{M;No),C)) 
defined by {ds'^j,^}, let us consider the image in {{A1;Nq),C)) of the generic 
triangle (T^(/i, j, /c) e — > M of sides (T^(/i,j), a^{j,k), and (T^(fc, /i). Similarly, 
let W{h,j), W{j,k), and W{k,h) be the images of the respective barycenters, 
(see lEIHl)- Denote by £(fc) = \Wih,j)p^ih,j,k)\, L{h) = \W{j,k)p°{h,j,k)\, 
and L{j) = \W{k,h)p'^{h,j,k)\, the lengths, in the metric {ds^j,-)}, of the half- 
edges connecting the (image of the) vertex p'^{h, j, k) of the ribbon graph F with 
W[h,j), W[j,k), and W{k,h). Likewise, let us denote by ^(•,») the length of 
the corresponding side (t^(»,») of the triangle. A direct computation involving 
the geometry of the medians of f7^(ft., j, k) provides 

lhj) = ^mj,k) + ^^i\h,j)-i^i\k,h) 

L\k) = ±P(k,h)-^^l\j,k)~l^Pih,j) 
L\h) = l-^l2(^h,j) + ^^l\k,h)-j-^P(3,k) 



(2.45) 



P{k,h) = 8L^{h) + 8L^{k)-4L^{j) 
l\h,j) = 8L\j)+8L^{h)~4p{k) 
lHj,k) = 8L\k) + 8L^{])^AL\h) 
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which allows to recover, as the indices {h, j, k) vary, the metric geometry of 
\Pt, \ M and of its dual triangulation |T/| M, from ((M; TVo), C); {ds^^.)}) 
(see figure [T^ . In this sense, the stiffening ^| of {{M;Nq),C) defined by the 
punctured Riemann surface 

((M;iVo),C);{ds^fe)})= (2.46) 

N2{T) Ni{T) No{T) 

U ^p°ih,].k) IJ Upi(h,j) IJ (A^,ds^^), 

{p°{h,J.k)} {pl(''j)} {p'(fc)} 

is the uniformization of ((M; No),C) associated with the conical Regge polytope 

Although the correspondence between conical Regge polytopes and the above 
punctured Riemann surface is rather natural there is yet another uniformization 
representation of |P;| — ^ Af which is of relevance in discussing conformal field 
theory on a given \Pi\ M. The point is that the analysis of a CFT on a 
singular surface such as |P;| — > M calls for the imposition of suitable boundary 
conditions in order to take into account the conical singularities of the under- 
lying Riemann surface ((M; TVq), C, c?S/j,n). This is a rather delicate issue since 



2.3 Punctured Riemann surfaces and Regge polytopes. 



46 



conical metrics give rise to difficult technical problems in discussing the glueing 
properties of the resulting conformal fields. In boundary conformal field the- 
ory, problems of this sort are taken care of (see e.g.[2H]) by (tacitly) assuming 
that a neighborhood of the possible boundaries is endowed with a cylindrical 
metric. In our setting such a prescription naturally calls into play the metric 
associated with the quadratic differential (j), and requires that we regularize into 
finite cylindrical ends the cones (A^, ds^^.^). Such a regularization is realized by 
noticing that if we introduce the annulus 

^*eik) - {C(fc) e C|e-^ < |C(fc)| < 1} C CV^, (2.47) 

then the surface with boundary 

Ma = {{Ma; No),C) = \J (7p0(,) (J U(^9(fe) , m) (2-48) 

defines the blowing up of the conical geometry of {{M; No),C, ds'^^-^) along the 
ribbon graph T (see figure ITflji . 

The metrical geometry of (Agj.^^ , 0(fc)) is that of a fiat cylinder with a 
circumference of length given by L{k) and heigth given by L{k)/0{k), (this 
latter being the slant radius of the generaHzed EucHdean cone (A^,ds^^^) of 
base circumference L{k) and vertex conical angle 6{k)).'We also have 

No 

dMa = U^m^ (2-49) 

fe=i 

No 

fe=i 

where the circles 

^S) = {C(fc)eC||C(fc)| (2.50) 

^S) = {C(A;)eC||C(fc)| -1} 

respectively denote the inner and the outer boundary of the annulus A^^^,^ . Note 
that by collapsing s'^g^^^ to a point we get back the original cones ( A^ , ds^^.^ ) . 
Thus, the surface with boundary Mg naturally corresponds to the ribbon graph 
r associated with the 1-skeleton Ki{\Pti \ — + M) of the polytope |Pt, | M, 
decorated with the finite cylinders {Agj.^,^, |(/)(fc)|}. In such a framework the 
conical angles {0{k) = 27r — s{k)} appears as (reciprocal of the) moduli nik of 
the annuli {A^^j.^}, 

11 1 
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Figure 2.9: Blowing up the conical geometry of the polytope into finite cylindri- 
cal ends generates a uniformized Riemann surface with cylindrical boundaries. 

(recall that the modulus of an annulus ro < |C| < is defined by ^In^). 
According to these remarks we can equivalently represent the conical Regge 
polytope \Pt, \ ~* M with the uniformization ((M; A^o)i C); {rfs^^,^}) or with its 
blowed up version Alg. 



Chapter 3 



The WZW model on Random 
Regge Triangulations 

The formulation of a conformal field theory and in particular of a WZW model 
over a triangulated Riemann surface has been a subject of great interests in the 
past years. As we have outilined in the introduction, despite several attempts 
starting directly from a Chern-Simons theory (see as an example jHS])) many 
difficulties have arosen ranging from the dynamics of G-valued field to the non 
trivial dependance of the model from the underlying topology. In this chapter we 
will follow a complete different approach pi] defining the WZW model directly 
from the triangulated Riemann surface; in order to accomplish this task we will 
use the techniques introduced in the previous chapter which are more analytic 
in spirit and for this reason they allow us to avoid the natural difficulties raising 
from combinatorial calculus. Bearing in mind that our ultimate goal is to give an 
holographic description of the CS/WZW relation and to intepret the functional 
H1.17II . we will specialize our analysis to the SU(2) model; we will also explicitly 
write the partition function for the theory at level k ~ 1 which directly involves 
the 6j symbols of the quantum group aX q = exp(z-|). 

3.1 The WZW model on a Regge polytope 

Let G be a connected and simply connected Lie group. In order to make things 
simpler we shall limit our discussion to the case G — SU{2), this being the case 
of more direct interest to us. Recall ^11 that the complete action of the Wess- 
Zumino-Witten model on a closed Riemann surface M of genus g is provided 
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by 

SWZW(^^^ = -Jl^ [ tr {h~'dh) (h'^dh) + S'^^ih), (3.1) 
47rv — 1 Jm 

where h : M ^ SU{2) denotes a S'C/(2)-valued field on M, k is a positive 
constant (the level of the model), tr{-) is the Killing form on the Lie algebra 
(normalized so that the root has length v^) and {h) is the topological Wess- 
Zumino term needed [HI in order to restore conformal invariance of the theory 
at the quantum level. ExpHcitly, S^^{h) can be characterized by extending the 
field h : M ^ SU{2) to maps h : Vm SU{2) where Vm is a three-manifold 
with boundary such that OVm = M, and set 

S^^{h)^-^f h*xsui2), (3.2) 
47rV-l Jvm 

where h*Xsu{2) denotes the pull-back to Vm of the canonical 3-form on SU{2) 

Xs(7(2) = \tr {h-^dh) A (h-^dh) A (h-^dh) , (3.3) 

(recall that for SU{2), Xsu{2) reduces to 4/1^3, where figs is the volume form 
on the unit 3-sphere S^). As is well known, S'^^{h) so defined depends on 
the extension h , the ambiguity being parametrized by the period of the form 
Xsu{2) over the integer homology H3{SU{2)). Demanding that the Feynman 
amplitude e ^ ' is well defined requires that the level k is an integer. 

3.1.1 Polytopes and the WZW model with boundaries 

From the results discussed in the previous chapter, it follows that a natural 
strategy for introducing the WZW model on the Regge polytope \Pti \ M 
is to consider maps h : Mg — > SU{2) on the associated surface with cylindrical 
boundaries Mg = {(Mq]Nq),C). Such maps h should satisfy suitable boundary 
conditions on the (inner and outer) boundaries {S'^^^-,} of the annuli {Ag^^^-j}, 
corresponding to the (given) values of the SU{2) field on the boundaries of the 
cells of \Pti I M and on their barycenters, (the field being free to fiuctuate 
in the cells). Among all possible boundary conditions, there is a choice which is 
particularly simple and which allows us to reduce the study of WZW model on 
each given Regge polytopes to the (quantum) dynamics of WZW fields on the 
finite cyHnders (annuli) {Ag^f,^} decorating the ribbon graph F and representing 
the conical cells of \Pti \ M. Such an approach corresponds to first study the 
WZW model on \Pti \ — > M as a CFT. Its (quantum) states will then depend on 
the boundary conditions on the SU{2) field h on {"Sg^^^}; roughly speaking such 
a procedure turns out to be equivalent to a prescription assigning an irreducible 
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Figure 3.1: The geometrical set up for the WZW model. The surface M opens 
up to show the associated handlebody. The group SU(2) is here shown as the 
3-sphere foliated into (squashed) 2-spheres. 

representation of SU{2) to each barycenter of the given polytope \Pti \ —* M. 
Such representations are parametrized by the boundary conditions which, by 
consistency, turn out to be necessarily quantized. They are also parametrized 
by elements of the geometry of |Pt, | M, in particular by the deficit angles. 

In order to carry over such a program, let us associate with each inner 
boundary S'^^j the SU (2) Cartan generator 

A, = ^0-3, with 0-3^ i I ^] (3.4) 

K \ —1 J 

where, for later convenience, X{i) e M has been normaHzed to the level k, and 
let 

cf+)-{7e2'^^^'7^M7e5C/(2)}. (3.5) 

denote the (positively oriented) two-sphere 5'^^,-^ in SU{2) representing the as- 
sociated conjugacy class, (note that C^^^ degenerates to a single point for the 
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center of SU{2)). Such a prescription basically prevent out-flow of momentum 
across the boundary and has been suggested, in the framework of D-branes 
theory in (see also ^5)- Similarly, to the outer boundary ^^^j we asso- 
ciate the conjugacy class c{ = c|^^ describing the conjugate two-sphere Sg^-^^ 
(with opposite orientation) in SU{2) associated with Sg^-y Given such data, 
we consider maps h : Mq SU{2) that satisfy the fully symmetric boundary 
conditions (see flgure l^Oll |56j . 

M5(3)cCf). (3.6) 




Figure 3.2: The geometrical setup for SU(2) boundary conditions on each 
(Ag^^^, 0(fc)) decorating the 1-skeleton of |Pt, | M. For simplicity, the group 
SU(2) is incorrectly rendered; note that each circumference is actually a 
two-sphere, (or degenerates to a point). 

Note that since cf^^ and ^ carry opposite orientations, the functions 
/i(5^^.]) are normalized to HSj)^^))HSj^^)) = e, (the identity € SU{2)). The 
advantage of considering this subset of maps h : Mg — > SU{2) is that when 
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restricted to the boundary dMg, (i.e., to the inner conjugacy classes cl~^^), the 
3-form Xsu{2) 113.311 becomes exact, and one can write 

XSU(2) ^ = duJ^, (3.7) 
where the 2-form Ui is provided by 

uj, = ^r(7-ld7)e2-^^A• {j-^dj)e-^^^^^ . (3.8) 

In such a case, we can extend 02 the map h : Mq — > SU{2) to a map h : 
{{M;No),C) SU{2) from the closed surface ((M; TVq), C) to SU{2) in such a 
way that h{5g(^i-^) C cf^"*, where 

V.) = {C(*)eC||C(*)|<e^^} (3.9) 

is the disk capping the cylindrical end {Ag^.^^, |0(z)|}, (thus d5g(j_-^ — S^'^^^ and 
^e(i) '-^ — In this connection note that the boundary conditions 

h{Sg^)^) C Cj*-^-* define elements of the loop group 

£(,)5{/(2) = Map(5^j5, 5[/(2)) ~ Afap(5i, SU{2)). (3.10) 

Similarly, any other extension h[ — hig, {g e SU{2)), of /i over the capping disks 
^e(i), can be considered as an element of the group Map{5g(^i), SU{2)). In the 
same vein, we can interpret hi — {hi, h[) as a map from the spherical double (see 
below) Sf of into SU{2), i.e., as an element of the group Map{Sf,SU{2)). 
It follows that each possible extension of the boundary condition ft,(S'g^|) fits 
into the exact sequence of groups 

1 ^ Map{Sf,SU{2)) Map{5e(r).SU{2)) Afap(5^Jj, S'J7(2)) 1. (3.11) 

In order to discuss the properties of such extensions we can proceed as follows, 
(see 04] for the analysis of these and related issues in the general setting of 
boundary CFT). 

Let us denote by Vm^ with BVm — {{M,Nq);C), the 3-dimensional han- 
dlebody associated with the surface {{M,Nq);C), and corresponding to the 
mapping h : {{M,Nq);C) — > SU{2) ~ thought of as an immersion in the 
3-sphere. Since the conjugacy classes c['^^ are 2-spheres and the homotopy 
group ■n2[SU{2)) is trivial, we can further extend the maps /i to a smooth func- 
tion H : Vm — > SU{2), (thus, by construction H{5g(^i)) C c\^^). Any such an 
extension can be used to pull-back to the handlebody Vm the Maurer-Cartan 
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3-form Xsu{2) ^-^d it is natural to define the Wess-Zumino term associated with 
{{M, No);C) according to 

S}^^,{h,H)^ ^/ H*xsu(2) h LOj. (3.12) 

In general, such a definition of Sj^^i^ {h, H) depends on the particular extensions 
{h,H) we are considering, and if we denote by {h' — hg,H'), g £ SU{2), a 
different extension, then, by reversing the orientation of the handlebody Vm and 
of the capping disks (5e(j) over which Sj^^^{h\H') is evaluated, the difference 
between the resulting WZ terms can be written as 

S^P^^^{h,H)-Sl^P^^^{h',H')= (3.13) 
I h* u;,+ [ h'\l cjA . 

Note that 

{Vm,H) U (vj^iKH') = {Vm, H) (3.14) 

is the 3-manifold (ribbon graph) double of Vm endowed with the extension 
H = (H, H') and 

{5eu)S,)^{5t^]yh'^) = {Slh,), (3.15) 

are the 2-spheres defined by doubling the capping disks <^e(j), decorated with 
the extension hj = {hj,h'j) G C*)^"*- By construction {Vm,H) is such that 
d{VM,H) = uf^^{S],hj) so that we can equivalently write II3.13|I as 

^I^^^|(/i,i7) - S^p^^^^ih',H') = I H*xsui2)' (3.16) 




To such an expression we add and subtract 




(3.17) 
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where Bj are 3-balls such that dB^ = S^^ \ (the boundary orientation is 
inverted so that we can glue such B^ to the corresponding boundary components 
of Vm), and Hj are corresponding extensions of H with Hj\g2 = hj. Since VmU 
-B| results in a closed 3-manifold W^, we eventually get 

S^^^^iKH) - S^^^^{r,)ih',H') = J^^ H*xsu(2)- (3-18) 



No / „ 



47rV-l ^ \JbI JdBl J 

where we have rewritten the integrals over Sj appearing in Ij3.1(ill as integrals 
over dB^ = sf -\ (h ence the sign-change). This latter expression shows that 
inequivalent extensions are parametrized by the periods of ixsu{2)^^j) over the 
relative integer homology groups H3{SU{2),ufjl^Cj). Explicitly, the first term 
provides 

Since Xsui2) = Stt^ we get j^^^ H*Xsu{2) = -Sttk^/^ . Each ad- 
dend in the second group of terms yields 

(3.20) 




The domain of integration h{dBj) is the 2-sphere Cj C SU{2) associated 
with the given conjugacy class, whereas Hj{B^) is one of the two 3-dimensional 
balls in SU{2) with boundary Cj. In the defining representation of SU{2) = 
{xqI + -v/^^XfeO-fcl Xq + J2^k — l}i the conjugacy classes Cj are defined by 
xq = cos ^^^^^^ with < ^^^^^ < TT, whereas the two 3-balls Hj{Bj ) bounded by 
Cj are defined by xq > cos ^^^^^ and a;o < cos ^^^-^^ ■ An explicit computation 
jil] over the ball xq > cos ^^^J''^ shows that (|3.2()|l is provided by — 47rA(j')\/^, 
and by 47rV— l(f — A(j)) for xq < cos respectively. From these remarks 

it follows that 

5|^^^l (h, H) - ^i^^^i {h\ H') e 27rV^Z (3.21) 

as long as k is an integer, and < < ^ with X{j) integer or half-integer; in 
such a case the exponential of the WZ term Sj^^^ {h, H) is independent from the 
chosen extensions {h,H), and we can unambiguosly write S^_^^{h). It follows 
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from such remarks that we can define the SU{2) WZW action on \Pti \ — * M 
according to 

Sl^P^fih) = / tr (h-'dh) (h-'dh) + ^i^^^i (h). (3.22) 

' 47rV-l J{{AI;No).C) ^ ^ ^ ' ' 

where the WZ term S'^^^ij]) is provided by l|3.12|l . It is worthwhile stressing 
that the condition < A(j) < ^ plays here the role of a quantization condition 
on the possible set of boundary conditions allowable for the WZW model on 
\Pti\ — > ^l- Qualitatively, the situation is quite similar to the dynamics of 
branes on group manifolds, where in order to have stable, non point-like branes, 
we need a non vanishing i?-field generating a NSNS 3-form H , (see e.g. 
here provided by LOj and Xs(7(2)j respectively. In such a setting, stable branes 
on SUii) are either point-like (corresponding to elements in the center ±e of 
S'[/(2)), or 2-spheres associated with a discrete set of radii. In our approach, 
such branes appear as the geometrical loci describing boundary conditions for 
WZW fields evolving on singular EucHdean surfaces. It is easy to understand the 
connection between the two formalism: in our description of the K-level SU (2) 
WZW model on \Pti \ M we can interpret the SU{2) field as parametrizing 
an immersion of \Pti \ — > M in S''^ (of radius ~ V^)- In particular, the annuli 
Ag^-^ associated with the ribbon graph boundaries {^Fi} can be thought of 
as sweeping out in closed strings which couples with the branes defined by 
SU (2) conjugacy classes. 



3.2 The Quantum Amplitudes at k=l 

We are now ready to discuss the quantum properties of the fields h involved 
in the above characterization of the SU{2) WZW action on \Pti \ M. Such 
properties follow by exploiting the action of the (central extension of the) loop 
group Map{Sg^}^, SU{2)) generated, on the infinitesimal level, by the conserved 
currents 

J{C{i)) = -Kdt^^-jhih-^ (3.23) 
J(C(j)) = KhY'^d(^,)hi, 

where = By writing J(C(j)) = J"" {({'>■)) a, we can introduce the 

corresponding modes Jni'i), from the Laurent expansion in each disk Sg(^i), 



(3.24) 
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(and similarly for the modes J^(i)). The operator product expansion of the 
currents r{C,{i))J''{C' {i)), (with C(«) and C,' {i) both in 5e[i) ) yields ^ the 
commutation relations of an affine su(2) algebra at the level k, i.e. 

[j°(i), J™(i)] = \/~^£abcJn+m{'^) + Kn6ab&n+m,Q. (3.25) 

According to a standard procedure, we can then construct the Hilbert space 'W(i) 
associated with the WZW fields hi by considering unitary irreducible highest 
weight representations of the two commuting copies of the current algebra su(2) 
generated by J"" {C,{i))\ q{+) and J°'{(^{i))\q(+) ■ Such representations are labelled 
by the level k and by the irreducible representations of SU{2) with spin < 
< |. Note in particular that for k = 1 every highest weight representation 
of su(2)k=i also provides a representation of Virasoro algebra Vir with central 
charge c= 1. In such a case the representations of 511(2)^=1 can be decomposed 
into su(2) © Vir, and, up to Hilbert space completion, we can write 



0<A(i)<5,0<n<oo 

(3.26) 

where V^^^^'"^^'' denotes the (2A(i) + 1) -dimensional spin A(i) representation 
of su(2), and T^Jn+\{i)y (irreducible highest weight) representation of the 

Virasoro algebra of weight {n + \[i)Y . Since < A(i) < i, it is convenient to 
set 

j, =n + \{i) e -Z+ (3.27) 
(with G Z+), and rewrite (13.2611 as 



4z+ 



with + e Z+, [^. Owing to this particularly simple structure of the 
representation spaces ^-(i) , we shall limit our analysis to the case k = 1 . 

Since the boundary of dM of the surface M is defined by the disjoint union 
LJ'^(9(i) and the boundary dT of the ribbon graph T is provided by |J'5'e(ij) it 
follows that we can associate to both dM and dT the Hilbert space 



Let us denote by 



HidAd) ~ n{dr) = (g) ?^(,) . (3.29) 



h{Sg'j^}^)) € H(^i) the Hilbert space state vector associated with 



the boundary condition h{Sg^}^) on the z-th boundary component S^^j of Mg. 
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According to the analysis of the previous section, the ribbon graph double Vm 
generates a Schottky double of the surface with cylindrical boundaries Mg, 
{M^ is the closed surface obtained by identifying Mq with another copy M'g 
of Mg with opposite orientation along their common boundary |J S'^^j ) . Such 
carries an orientation reversing involution 



T : -> A/^, = id (3.30) 

>(+) 



that interchanges Mg and Mg and which has the boundary |J Sgtl as its fixed 



point set. The request of preservation of conformal symmetry along |J Sg'^^ 



Hi) 

under the anticonformal involution T requires that the state 

:(+) ■ 



satisfy the glueing condition (L„ — L_„) |/i('5'g(j))y = 0, where, for n ^ 0, 

= ^ E Jn-mJ:., (3.31) 



m— — oo 



and similarly for L_„. The glueing conditions above can be solved mode by 
mode, and to each irreducible representation of the Virasoro algebra Tij^*'' and 

its conjugate H^^j2 , labelled by the given ^n + X{i) e iZ+,wecan associate 
a set of conformal Ishibashi states parametrized by the su(2) representations 
Ku(2) ^ ^u(2) • Such states are usually denoted by 

\j^;m,n)), m,n e + 1, - (3.32) 

and one can write 02] 

= ^ E ^'"^.n(^(4S)) iK^rri, n)) , (3.33) 



2^ 



where 



nJ. (h(Q(+)\\ - [{ji + TO)!(ji - m)\{j, + n)\{ji - n)\ 



{j^ - m - iy.{j^ + n - iy.ll{m - n + ly. 

/—max(0, n—m) 

(3.34) 

is the V^-'j(.2-) -representation matrix associated with the SU{2) element 

h{S^-[ I \ leCW, (3.35) 

.(+) 



in the Cl conjugacy class. 
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3.2.1 The Quantum Amplitudes for the cylindrical ends 

With the above prehminary remarks along the way, let us consider explicitly the 
structure of the quantum amplitude associated with the WZW model defined by 
the action S^_^J^ (h). Formally, such an amplitude is provided by the functional 
integral 

dM,(g>MS^gl'l)) ^ I e "i^-.i ^ ^D/i, (3.36) 



{''U(±)6C<±'} 



where the integration is over all the maps h satisfying the boundary conditions 
{h\g(±) e c|*''}, and where Dh is the local product YlceUM ■ No) c) '^^iO over 
((M;iVo),C) of the SU{2) Haar measure. As the notation suggests, the formal 
expression Ij3.36ll takes value in the Hilbert space H. Let us recall that the 
fields h are constrained over the disjoint boundary components of dF to belong 
to the conjugacy classes {h\„(-) e C^-"^}. This latter remark imphes that the 



e(i) 



maps h fiuctuate on the Nq finite cylinders {A^^.^} wheras on the ribbon graph 
r they are represented by boundary operators which mediate the changes in the 
boundary conditions on adjacent boundary components {SFi} of F. In order to 
exploit such a factorization property of Il3.36|l the first step is the computation 
of the amplitude, (for each given index z), for the cylinder A^^-^ with in and out 
boundary conditions /iL(±) G di^K 

Za* . = / e-^ ^''■'^H^i^Dh (3.37) 



where S^^^{h; A;^ .)) is the restriction to A^^^^ of 5'|^^|^(/i). If we introduce 
the Virasoro operator ho{i) defined by 

2 °° 

- ;t— E J-mi^m^)- (3.38) 

m=0 

and notice that Lo(i) +Lo(i) — , defines the Hamiltonian of the WZW theory 
on the cyhnder Ag^^^j, (c = being the central charge of the SU(2) WZW 
theory), then we can exphcitly write 

Z^;J{d^^^) = (/J(5y)|e-^(»'°«+^''«-^)|/;(5(j;)), (3.39) 

where {h{Sgi^}^)\ and \h{Sg'^}^)) respectively denote the Hilbert space vectors 
associated with the boundary conditions /i(S'gj^|) and /i(S'g^j) and normalized 
to {h{Sgi^)j)\\h{Sg'^^j)) = 1 , (a normalization that follows from the fact that 
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h{Sg^J^) and h{Sg^)^) belong, by hypotheses, to the conjugated 2-spheres c| 
and Cf+^ in SU{2)). 




Figure 3.3: A pictorial rendering of the set up for computing the quantum 
amplitudes for the cylindrical ends associated with the surface dM. 

The computation of the annulus partition function H3.39|l has been explicitly 
carried out for the boundary 5/7(2) CFT at level k — 1. We restrict 
our analysis to this particular case and if we apply the results of ^^l) (see in 
particular eqn. (4.1) and the accompanying analysis) we get 

^A;<,({Cf}) = 

(3.40) 

where 
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is the character of the Virasoro highest weight representation, and 

oo 

r;(q) = g^ (3.42) 

is the Dedekind 77-function. 

By diagonalizing we can consider {Sg^)^)h{Sg'^}^) as an element of the 
maximal torus in SU{2), i.e., we can write 

and a representation-theoretic computation eventually provides 

Z^. {{Cf}) = ^ cos(87rj-A(z))^^5— . (3.44) 

(Note that a in [IHI corresponds to our 47r\/— lA(i), hence the presence of 
cos(87rjiA(i)) in place of their cosh(2jjQ!(i))). 

An important point to stress is that, according to the above analysis, the 
partition function ^Aj^.^ {{C^}) can be interpreted as the superposition over all 
possible ji channel amplitudes 

dV, ^ A{ji) ^ -= cos(8^j,A(0) ^ (3.45) 
v2 r/(e "(')) 

that can be associated to the boundary component dTi of the ribbon graph T . 
Such amplitudes can be interpreted as the various ji = (n+A(i)), (0 < A(i) < |), 
Virasoro (closed string) modes propagating along the cylinder A^^.-^. 

3.2.2 The Ribbon graph insertion operators 

In order to complete the picture, we need to discuss how the iVo amplitudes 
{A{ji)} defined by H3.45II interact along T. Such an interaction is described 
by boundary operators which mediate the change in the boundary conditions 
\h{s'^^\^))dTj, and \h{S^^\^)) qt , between any two adjacent boundary components 
dTp and dVq, (note that the adjacent boundaries of the ribbon graph are as- 
sociated with adjacent cells p^{p), p^iq) of |Pt, | M, and thus to the edges 
C7^{p,q) of the triangulation |T/| M). In particular, the coefficients of the 
operator product expansion (OPE), describing the short-distance behavior of 
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the boundary operators on adjacent dTp and dTg, will keep tract of the combi- 
natorics associated with \Pti \ M. 

To this end, let us consider generic pairwise adjacent 2-cells p^{p) , p^{q) 
and p^(r) in \Pti \ — > M, and the associated cyclically ordered 3-valent vertex 
P^iPiQ^i^) S \Pti \ — * M. Let {?7pO(p g^r), t/;} the coordinate neighborhood of such 
a vertex, and {Upi(j,^q), z}, {Upi(^q_r), z}, and {?7pi(r,p), the neighborhoods of 
the corresponding oriented edges, (the z's appearing in distinct {C/pi(o^,), z} are 
distinct). Consider the edge p^{p, q) and two (infinitesimally neighboring) points 
Zi = Xi + \/— Ij/i and Z2 = X2 + \/— lj/2, Re 2:1 = Re 22, in the corresponding 
Upi(j,^q), with = X2. Thus, for t/i — > 0+ we approach ^Fp r\p^{p,q) , whereas 
for 1/2 0~ we approach a point G c^Fg n p^(q,p). 

Associated with the edge p^{p, q) we have the two adjacent boundary con- 
ditions \h{Sg'l^^^))drp, and |^('S'g^^)))ar, , respectively describing the given values 
of the field h on the two boundary components dVp n p^ (j>, q) and dVq n {q, p) 
of 9). At the points -21,-22 € C^pi(p,g) we can consider the insertion of boun- 
darv operators V'!"'''' (^i) and it'f'''' iz^) mediating between the corresponding 

J{p,q) ^ J(.q,p) ^ ' " i u 

boundary conditions, i.e. 



(3.46) 



Note that V'j'"''') carries the single primary isospin label j(p^q) (also indicating 
the oriented edge p^ {p, q) where we are inserting the operator) , and the two 
additional isospin labels jp and jq indicating the two boundary conditions at the 
two portions of 9Fp and dVq adjacent to the insertion edge p^{p,q). Likewise, 
by considering the oriented edges p^{q,r) and p^{r,p), we can introduce the 
operators t/'^''"''' , tb^'''''' , ib''/''''' , and ■0^''"''^ . In full generality, we can rewrite the 
above definition explicitly in terms of the adjacency matrix -B(F) of the ribbon 
graph F, 

1 if p^{s,t) is an edge of F 



(3.47) 



otherwise 



according to 



^=^^ Bpq{T)\h{s'^;il))oTq. (3.48) 

Any such boundary operator, say V'j'J"^) > is a primary field (under the action of 
Virasoro algebra) of conformal dimension Hj^^^^^ , and they are all characterized 
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|51) . |52) by the following properties dictated by conformal invariance (in 
the corresponding coordinate neighborhood C/pi(p,g), see figure 1231 



(3.49) 



(OIV'^'^''' (ziWf" (z2)\0) = b^^" \zi 



J(g,p) 



where Fp-'p is the identity operator, and where a^p^p and ^j' ^ are normalization 
factors. In particular, the parameters ^j'^^^j define the normalization of the two- 
points function. Note that jH] for S'f/(2) the bf^^"^^ are such that b^^^"^^ = 
5^^J'^j(-l)2J<p>9), and are (partially) constrained by the OPE of the As 
customary in boundary CFT, we leave such a normalization factors dependence 
explicit in what follows. 

1 



u 



P (p.q) 




P (q>P) 



<0|^ 



(Z1)4^. (Z2) U> 

j(p,q) J(q.p) ' 



Figure 3.4: The insertion of boundary operators V,"'''' in the complex coordi- 



3i.p,q) 



nate neighborhood Up^{p,q), giving rise to the two-point function in the corre- 
sponding oriented edge p^(p, q). 



In order to discuss the properties of the V'^'p^^, j let us extend the (edges) co- 
ordinates z to the unit disk UpO/^p q j.) associated to the generic vertex p°(p, g, r). 
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and denote by 



Wp 










Wq 




^ e UpO(^p g j.) 




(3.50) 


Wr 




^ G UpO(^p y r) 


n Upl(r,p) 





the coordinates of three points in an e- neighborhood (0 < e < 1) of the vertex 
w = 0, (fractions of e are introduced for defining a radial ordering; note also 
that by exploting the coordinate changes 112.3811 , one can easily map such points 
in the upper half planes associated with the edge complex variables z corre- 
sponding to C/pi(p,g), Upi-{q.r), and J7pi(r-,p); and formulate the theory in a more 
conventional fashion). To these points we associate the insertion of boundary 
operators ■0''''"''' (wr), V',' "''' ("w^q); V'l'"''' (f^p) which pairwise mediate among the 
boundary conditions \h{Sg'^p-^)) , \h{Sg'l^^^)) , and |/i(S'g^''j)). The behavior of such 
insertions at the vertex p°{p, q, r), {i.e., as e ^ 0), is described by the following 
OPEs (see (HI) 

(3.51) 

j 



(3.52) 



(3.53) 



where the dots stand for higher order corrections in \wo — w,], the Hj are the 



conformal weights of the corresponding boundary operators, and the C]"''"''''' 



are the OPE structure constants (see figure rTK]! . 

As is well known E], the parameters 6^'"''' and the constants C''/'''''''' 
are not independent. In our setting this is a consequence of the fact that to the 
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Figure 3.5: The OPEs between the boundary operators around a given vertex 
p°{p,q,r) in the corresponding complex coordinates neighborhoods UpOf^pg,.), 
Up^(p,q), etc.. 



oriented vertex p'^{p,q,r) we can associate a three-point function which must 
be invariant under cycHc permutations, i.e. 

(3.54) 

By using the boundary OPE Ij3.51ll . each term can be computed in two distinct 
ways, e.g., by denoting with an OPE pairing, we must have 



which (by exploiting H3.49II 1 in the Hmit w provides 

j{r,p)i(q.r)j(p,q) j(q.p) 3 {q ,r) ] (p ,q) j (r,p) J(r,p)' ' 
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(note that the Kronecker S in II8.49|I impHes that J(q.p) — j(p,q), etc. ). From 
the OPE evaluation of the remaining two three-points function one similarly 
obtains 



j{p,q)j{r,p)j{q,r) j{r,q) ~ j {r ,p) j (q ,r) j (p ,q) j{p.q) ' 



^Jrjqjp y)r'3p ^Jqjpjr ^Jrjq 

3(q,r}j{p,q)j{r,p) j{p.r-) ~ 3 {p .q) j {t .p) j {q ,t) j {q .t) ' 



C: 



(3.57) 



Since 

f^:, - (3.58) 

Hq.r) Hr.q)^ ' 

one eventually gets 

j{T,p)3{q.T)3(p.q) 3(q,p) ^ ' {p ,q) 3 {r ,p) j {q ,t) i(<J,r)' 



ijqjpjr Uqjr _ ( .q) f^3 r-j q j p Upjr ( '^Q] 

3(p.q)3(r,p)3(q,r) 3(r.q) ^ 3 {q ,r) 3 (p ,q) 3 (r-.p) 3(r,p)' 



^3r3q3p ^3r3p 
3{q.r-)3{p.q)3(r,p) 3{p.r) 

which are the standard relation between the OPE parameters and the normal- 
ization of the 2-points function for boundary SU{2) insertion operators, |5T] . 
Such a lengthy (and sHghtly pedantic) analysis is necessary to show that our 
association of boundary insertion operators V',"''' , to the edges of the ribbon 
graph r is actually consistent with SU (2) boundary CFT, in particular that ge- 
ometrically the correlator ('0'!''"''^ {wr)il^i^'''' (wg)^''!''"''' {wp)) is associated with 
the three mutually adjacent boundary components dTp, dTq, and dVr of the 
ribbon graph F. More generally, let us consider four mutually adjacent boun- 
dary components dTp, dTq, dTr, and ^F^. Their adjacency relations can be 
organized in two distinct ways labelled by the distinct two vertices they gen- 
erate: if dTp is adjacent to dTr then we have the two vertices p^{p,q,r) and 
p°{p,r,s) connected by the edge p^{p,r); conversely, if dTq is adjacent to dTg 
then we have the two vertices p°{p,q,s) and p'^{q,r,s) connected by the edge 
p^{q,s). It follows that the correlation function of the corresponding four 
boundary operators, ('0?"'° V',""''^ f/''!'"''' V''!''"''' )) can be evaluated by exploiting 
the ((S')-channel) factorization associated with the coordinate neighborhood 



_-^\'23(p,r) (jip^rii yq3p 

' 3(r.pl3(q,r)3(p,q) 3(p,q)^ 
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Figure 3.6: The dual channels in evaluating the correlation function of the four 
boundary operators corresponding to the four boundary components involved. 



{[/pi(r,p), z'"^'}, or, alternatively, by exploiting the ((T)-channel) factorization 
associated with {Upi(^q^s), z'^'^H (see figure l3^ . 

From the observation that both such expansions must yield the same result, 



it is possible 



to directly relate the OPE coefficients Cf ^"^^ 



with 



the fusion matrices F. 



3-rJ(p 



which express the crossing duality 



Jp Jq 
J{r,p) 3{q,r) 

between four-points conformal blocks. Recall that for WZW models the fusion 
ring can be identified with the character ring of the quantum deformation Z-/Q(g) 
of the enveloping algebra of g evaluated at the root of unity given by Q = 
g7rV^/(K+/i^) (■^^jjgj.g /jV ^jjg dual Coxeter number and n is the level of the 
theory). In other words, for WZW models, the fusion matrices are the 6j - 
symbols of the corresponding (quantum) group. From such remarks, it follows 
that in our case (i.e., for k = 1, ft,^ = 2) the structure constants C''," 



are suitable entries of the 6j-symbols of the quantum group SU (2) 
i.e. 

J{r,p) Jp Jr I 

jq 3{q,r) j(p,q) I „_ ^ 



^JpJr-Jq 

j(T.p)3{q,T)j{p.q) 



(3.60) 



3.2.3 The partition function. 

The final step in our construction is to uniformize the local coordinate repre- 
sentation of the ribbon graph F with the cylindrical metric {|<;i(«)|}, defined 
by the quadratic differential {(pii)}. In such a framework, there is a natural 
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prescription for associating to the resulting metric ribbon graph (F, {!</)(«) |}) a 
factorization of the correlation functions of the Ni insertion operators IV''!''"''' Ii 
(recall that A^i is the number of edges of F). Explicitly, for the generic ver- 
tex p°{p,q,r), let z^°^ G Upi(p,q) n UpO(^p^g^^), 2^°^ e t^pi(?,r) n C/pO(p_,_r), and 
zi^^ € Upi(^r,p) n UpO(^p g r) respectively denote the coordinates of the points Wp, 
Wq, and Wr (see ();-i.5()|l ) in the respective edge uniformizations, and for notational 
purposes, let us set, (in an e-neighborhood of ZpOj^p g ,.) = G Upa(^p q ,.)), 

^'i^iy{p,q.r)) - i^'i^^S'T)^ (3-61) 
Let us consider, (in the Hmit e ^ ), the correlation function 

iNoiT) 




(3.62) 

/ N2{T) \ 
\{p°{p,q,r)} I 

where the product runs over the N2{T) vertices {p'^{p,q,r)} of F. We can 
factorize it along the Ni (T) channels generated by the edge cordinate neighbor- 
hoods {C/pi(p,g)} according to 



(3.63) 




N-2{T) Ni(T) 

11 \^3(r,p)^3{q,r-)^3{p,q) / 11 \^ 3 {r ,p) ^ 3 {p ,r) 

{3(r,p)} {P°{P-<1-X)} P°{p,q,r) {P^{p-r)} P^{p,r) 



where we have set 



\^J(r,p) ^3(q,7-) ^3(p,q) 

p°{p,q,r) 



(3.64) 



3.2 The Quantum Amplitudes at k=l 



68 



{^tt^^t:^^ (^^!:y(p,q,r))i.';^y{p,r,s))) , (3.65) 

and where the summation runs over all Ni{T) primary highest weight repre- 
sentation su(2)k=i, labelling the intermediate edge channels {j(r,p)}- Note that 
according to II3.49|I we can write 

pi(p,r) 

(recall that j{r,p) = j(p,r)), where L{p, r) denotes the length of the edge p^{p, r) 
in the uniformization {Upi(^p^r)i{\4>{i)\})- Moreover, since (see H3.56II 1 

(^j'^p) ^^^hII) "^nt) ) = j(p,,) ^jCp) ' (3.67) 

we get for the boundary operator correlator associated with the ribbon graph F 
the expression 

/No{T) \ 

(3.68) 

N2iT) Ni{T) 

= E n ^iaL.n.,.^:. n b--Lij,,rr"--^. 

{i(r,p)} (P^CP:?:!-)} {P^iP,^)} 

By identifying each ^ with the corresponding 6j-symbol, and 

observing that each normalization factor ^j^''^^ occurs exactly twice, we eventu- 
ally obtain 



/No{T) \ N2{T) 

(g) 9r.;®j-)= ^ n 



J{r,p) Jp Jr 



7Vi(T) 



{pi(p,r)} 

As the notation suggests, such a correlator has a residual dependence on the 
representation labels {ji}. In other words, it can be considered as an element 
of the tensor product H{dT) — It is then natural to interpret its 

evaluation over the amplitudes {A{ji)} defined by f 13.4511 as the partition func- 
tion Z^^^ {\Pti\, {h{Sg'^}^)}) associated with the quantum amplitude (j3.36|l . 
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and describing the SU{2) WZW model (at level k = 1) on a random Regge 
polytope \Pti \ ~* M. By inserting the No{T) amplitudes {A{ji)} into Ij3.2.3|l . 
and summing over all possible representation indices {jp} we immediately get 



,V2, 



No{T) N^iT) 

I E E n 



J(r,p) Jp 
Jq J(q,r 



Jr 
j(p,q) 



(3.69) 



{pHp.r)} ' ' ' vie 

where the summation X){jpgiz+} possible No{T) channels jp de- 

scribing the Virasoro (closed string) modes propagating along the cylinders 
{Ag^pj}^^"^^ This is the partition function of our WZW model on a ran- 
dom Regge triangulation. The WZW fields are still present through their 
boundary labels A(«), (which can take the values 0,1/2), wheras the metric 
geometry of the polytope enters explicitly both with the edge-length terms 

L{p,r) ''('•p) and with the conical angle factors ^ _ 4^ . The expression of 

»)(e 

Z^^^ {\Pti\, {h{Sg^^^)}), also shows the mechanism through which the SU{2) 
fields couple with simplicial curvature: the coupling amplitudes {A{ji)} can be 
interpreted as describing a closed string emitted by dVi ~ ^e(i)' °^ rather by 
the S'gj-j brane image of this boundary component in SU{2), and absorbed 
by the brane S'|(.,-j image of the outer boundary Sg^}^ , (the curvature carrying 
vertex). This exchange of closed strings between 2-branes in SU{2) ~ 
describes the interaction of the quantum SU(2) field with the classical gravita- 
tional background associated with the edge-length assignments {L(p, r)}, and 
with the deficit angles {e[i) = 2tt — 0{i)}. 



Chapter 4 



Holography and 
asymptotically flat 
space-times 

One of the key success of the holographic principle is the chance to reconstruct 
spacetime starting from datas living on the boundary. The classical example 
is the AdS/CFT correspondence where an equivalence between partition 
functions of a theory Hving in the bulk and in the boundary is imposed. More 
precisely the latter, in asymptotically AdS space-times, is strictly related to a 
gauge theory carrying indices of the asymptotic symmetry group (the conformal 
group). 

This kind of relation has been mainly studied in the AdS case (and with 
less success also in dS spacetimes pSl) but no real attempt until now has been 
done in aymptotically flat space-times. Thus, the purpose of this chapter will be 
the study of the asymptotic symmetry group of asymptotically flat space-times 
(the Bondi-Metzner-Sachs group) as a candidate for the gauge group of the 
holographic boundary theory. Furthermore we will show the differences araising 
from the AdS case emphasizing in particular the failure of a unique geometric 
reconstruction of an asymptotically flat space-time. 
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4.1 Emergence of the BMS group in asymptoti- 
cally flat spacetimes 

In this section we briefly revisit the derivation of the BMS group and some of its 
properties. As said, the BMS group represents the ASG of asymptotically flat 
spacetimes. More properly it is a transformation pseudo-group of asymptotic 
isometries of the region close to infinity of the asymptotically fiat (lorentzian) 
spacetimes ^. There is however a derivation proposed by Penrose as a group 
of transformations Hving intrinsically on 3. In this case the BMS group is the 
transformation group on the boundary 3.^ 

From the point of view of the holographic principle we are interested in the 
theory living on the boundary and its symmetry group. We therefore prefer to 
consider this "boundary description" of the BMS group as more relevant and 
fundamental for our purposes. Moreover, it keeps into account the degener- 
ate nature of 3, which one has to face up when choosing a null screen. For 
completeness, however, we review various derivations. 

4.1.1 BMS as asymptotic symmetry group 

The BMS group was originally discovered ^2], jlHl by studying gravitational 
radiation emitted by bounded systems in asymptotically fiat spacetimes; it is 
the group leaving invariant the asymptotic form of the metric describing these 
processes. Quite generally, one can choose {u, r, 9, <j)) coordinates close to null 
infinity and check that the components of the metric tensor behave Hke those 
of the Minkowski metric in null polar coordinates in the limit r ^ oo. 
A BMS transformation (a. A) is then 

u=[KA{x)]-\u + a{x)) + 0{l/r) (4.1) 

f = KA{x)r + J{x,u) + 0{l/r) (4.2) 

e^(Ax)e+He{x,u)r-^+0{l/r) (4.3) 

^^(Ax)^ + H4x,u)r-' +0{l/r) (4.4) 

where x is a point on the two sphere with coordinates {9,(f>), A represents a 
Lorentz transformation acting on as a conformal transformation and Ka{x) 
is the corresponding conformal factor. Furthermore a is a scalar function on 
^For the euclidean case see section IT!^ 

^Recall that is the disjoint union of S+ (future null infinity) with (past null infinity). 
In the rest of the paper we will refer to 3+ but because of the symmetry the same conclusions 
will hold on Sr~ too in all cases unless differently specified. 
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associated with the so called supertranslation subgroup. It represents the "size" 
of the group as we will see below. 

The other functions are uniquely determined by (a, A) imposing 

(ai,Ai)(a2,A2) = (ai + Aiaa, A1A2) (4.5) 
{Aia2){x) = [KA{x)]"^a2iA^'x) (4.6) 

One immediately notices from H4.5|l the structure of semidirect product. There- 
fore the BMS group B = N k L is the semidirect product of the infinite dimen- 
sional supertranslation group N with (the connected component of the homo- 
geneous) Lorentz transformations group L.^ 

An important point to keep in mind is that the ASG thus defined is universal 
since one gets the same group for all asymptotically fiat spacetimes. This is quite 
surprising. In addition, the group is infinite dimensional due to the presence of 
extra symmetries which refiect the presence of gravity in the bulk. 

It is also possible [OOI to derive the BMS group B working in the unphysical 
spacetime and imposing differential and topological requirements on 3, avoiding 
then asymptotic series expansions. In a sense, this is a finite version of the 
original BMS derivation, since one constructs a so called conformal Bondi frame 
in some finite neighborhood of 3 and this finite region corresponds to an infinite 
region of the original physical spacetime. 

Even if one is not working with an asymptotic expansion, we prefer to con- 
sider this derivation from a slightly different perspective with respect to the one 
of Penrose, who considers the emergence of the BMS working intrinsically on 3. 
Actually, we are still working asymptotically, even if, in the unphysical space, 
the "infinite is brought to finite". Recall, however, that had we chosen another 
conformal frame we would have obtained an isomorphic group. In other words, 
covariance is preserved by differentiable transformations acting on 3. This in- 
deed motivated Penrose to work directly on the geometrical properties of 3 as 
we will see below and it seems more convenient to investigate the holographic 
principle in this context. 

Choosing = u, x^ = {9, (f>) as coordinates on S"*" and x^ = r defining the 
inverse luminosity distance, the (unphysical) metric g'^'^ in the conformal Bondi 
frame is thus 











,01 














■'We will consider SL{2,C), the universal covering group of L. 
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Using the freedom of gauge choice of the conformal factor and imposing global 
and asymptotic requirements on 3 one can write the metric (in a neighbourhood 
of 3) as 








1 







1 
















qAB 



where q^^ is the metric on the S"^ therefore time independent. One can even- 
tually compute the generators of asymptotic infinitesimal transformations 
^ + S,'^ by solving 

C(''^'')-(f],pr/W^ = 0. (4.7) 

One finds 

= /^(a;^) (4.8) 

e^luff'^ + a{x^),e^O. (4.9) 

Setting the supertranslations a{x'^) to zero we get the (orthochronous) Lorentz 
group while setting the to zero we get the group of supetranslations as 
expected. 

These are exactly the KiUing vectors found by Sachs |^ in studying radia- 
tion at null infinity. However, one interprets the notion of asymptotic symmetry 
as follows: one declares an infinitesimal asymptotic symmetry to be described 
by a vector field (more precisely an equivalence of vector fields in the physical 
spacetime) such that the KiUing equation L^g^i, = is satisfied to as good an 
approximation as possible as one moves towards 3. 

One can also consider another derivation of the BMS group proposed by 
Geroch [^. In a nutshell, this procedure considers the ASG as the group 
of consometries of 3, i.e. conformally invariant structures associated with 3. 
More properly, these structures five on the so called "asymptotic geometry", a 3 
dimensional manifold diffeomorphic to 9 endowed with a tensor structure. We 
prefer to consider as truly intrinsic the derivation of Penrose which we discuss 
below. Note however that Geroch approach has received a lot of attention and 
has been adopted in particular by Ashtekar and (many) others to endow 3 with 
a symplectic structure to study then fiuxes and angular momenta of radiation 
at null infinity. 
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4.1.2 Penrose derivation of the BMS group 

The derivation of Penrose is based on conformal techniques and the null nature of 
S is explicitly taken into account. The underlying idea is the following: consider 
a motion in the physical spacetime; this will naturally generate a motion in the 
unphysical spacetime and in turn a conformal motion on the boundary. The 
latter can persist, even if the starting physical spacetime has no symmetry at 
all providing thus a definition of ASG. However the degenerate metric on 3 does 
not itself endow sufHcient structure to define the BMS group. ^ 

The natural structure living on 9 is that of a inner (degenerate) conformal 
metric, the topology being R x 5^; the "R" represent the null geodesic 9 gene- 
rators with "cuts" given by two dimensional spacelike hypersurfaces each with 
S"^ topology. Choosing a Bondi coordinate system j£2l, one can indeed write 
the degenerate metric on 3+ as 

ds^ :^O.du^ + de'^ + sm'^ed(t)^. (4.10) 

Using stereographic coordinates for the two sphere (C = e^'^cot{9/2)) one has 

ds^ = 0.du^ +AdCdC{l + CCr^- (4.11) 

and recalling that all holomorphic bijections of the Riemann sphere are of the 
form 

with ad — 6c = 1, one immediately concludes that the metric II4.1()|I is preserved 
under the transformations 

u^F{u,CX) (4.13) 

These coordinate transformations define the so called Newman-Unti (NU) group 

|63j ■ namely the group of non refiective motions of S"*" preserving its intrinsic 

degenerate conformal metric. 

The NU is still a very large group. One can restrict it by requiring to 

preserve additional structure on 5. One actually enlarges the notion of angles 

and endows 3 with "strong conformal geometry". In addition to ordinary angles 

one considers null angles: finite angles are formed by two different directions in 

S at a point in 3 which are not coplanar with the null direction in 9, while null 

■*More precisely, one considers a future/past 3 asymptotically simple spacetime, with null 
and strong asymptotic Einstein condition holding on it |22j. 
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angles are formed by two directions at a point in 3 which are coplanar with the 
null direction. 

One can show that the set of strong conformal geometry preserving transfor- 
mations restricts the u transformations of the NU group to the following form 

u-> K{u + a{C,C)) (4.15) 

with 

K = ^ + CC M jg-v 

(aC + b){a*C + b*) + (cC + d)(c*C* + d*) ^ " ' 

the same appearing in H4.6|l and a{(, () an arbitrary function defined on the 
two sphere. But then this set of transformations together with the conformal 
transformations on the two sphere define precisely the BMS group as shown 
before. 

Note that in terms of this intrinsic description, these transformations have to 
be interpreted not as coordinate transformations but as point transformations 
mapping 5 into itself. In other words, a conformal transformation of 3 induces 
conformal transformations between members of families of asymptotic 2-spheres 
when moving along the affine parameter u. 

This construction further motivates the mapping between 3 and the so called 
cone space jHH, which we are going to discuss in the following as a possible 
abstract space where the holographic data might live. 

Finally one has to remember that the global structure of the BMS group 
in four dimensions cannot be generaHzed to a generic dimension as BMSd = 
Nd-2 X SL{2, C) where Nd-2 is the abelian group of scalar functions from S"'"^ 
to the real axis; an example is the three dimensional case where j^SI it has been 
shown that BMS3 = Ni k Diff{S^). In what follows we are always going to 
work in four dimensions. 

4.1.3 BMS subgroups and angular momentum 

We review a bit more in detail the BMS subgroups. One has the subgroup N 
given by 

u^u + a{CX) (4.17) 
C->C (4.18) 

known as supertranslations. It is an infinite dimensional abelian subgroup; note 
that 

c SO{3, 1) PSL{2, C), (4.19) 
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which follows from the fact that the BMS group is the semidirect product of N 
with SL(2,C). Choosing for the conformal factor K on the sphere 



one has the subgroup of translations which one can prove to be the unique 
4-parameter normal subgroup of N. 

On the other hand, the property of a supertranslation to be translation free 
is not Lorentz invariant. Therefore there are several Poincare groups at 3, one 
for each supertranslation which is not a translation, and none of them is pre- 
ferred. This causes the well known difficulties in asymptotically flat spacetimes 
in defining the angular momentum, the origin basically being "free" (because of 
the presence of gravity). We recall for completeness the reason: in Minkowski 
space-time, the angular momentum is described by a skew symmetric tensor 
which is well-defined up to a choice of an origin. Whereas this last condition is 
equivalent to fix 4 parameters, in the case of 3 this condition requires an infinite 
number of parameters to fix the "orbital" part of the angular momentum since 
the translation group T'^ is substituted by the supertranslations N. 

Although many ways to circumvent this problem have been proposed, no 
really satisfactory solution has emerged until now. In j^E], [S3 one ends up 
with a reasonable definition of angular momentum in asymptotically stationary 
fiat space-times, where the space of good cross sections (i.e. sections with null 
asymptotic shear) is not empty; one can then select a Poincare subgroup from 
the BMS group and define accordingly the angular momentum. We are going to 
examine in more detail the notion of good /bad sections in the following so as to 
discuss bulk entropy production from the point of view of boundary symmetries. 

4.2 Bulk entropy and boundary symmetries 

4.2.1 Bulk entropy and BMS boundary symmetries 

As previously recalled the BMS group is defined as those mappings acting on 3 
which preserve both the degenerate metric and the null angles. 
In the case of null infinity, one can associate a complex function a{r,uXiC)t 
which in physical terms is a measure of the shear of the null cones which intersect 
3+ at constant u. To define the shear one chooses a spinor field whose 
fiagpole directions point along the the null geodesies of the congruence. The 
complex shear a is then defined as follows 



K = 



A + BC + B*C + C(:C 

1 + CC 



(4.20) 



(4.21) 
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The argument of the shear a defines the plane of maximum shear and its mod- 
ulus the magnitude of the shear. Now in the case of mild divergence of null 
geodesies (as with the Bondi-type hypersurfaces we are considering) one has 

^ = ^ + 0(^) (4.22) 

The quantity (t° is r independent and it is a measure of the asymptotic shear of 
the congruence of null geodesies intersecting 3+ at constant u. The r indepen- 
dence is in agreement with the peeling-off |2HI properties of the radiation. 

One can also read the shear from the asymptotic expansion of the metric. 
Consider for example the metric originally proposed by Sachs jl^ 

ds^ = e^'^Vr^^du^ - 2e^f^dudr + r^hab{dx'' - U''du){dx^ - U^du) (4.23) 

with a, 6 indices running over angular coordinates and V, /?, C/", hab are functions 
of the coordinates {u,r,9,4>) to be expanded in 1/r powers. The shear appears 
in the expansion of the function (3 

(3 - -a{u, C, C)a* (2r)-2 + 0(^-4) (4.24) 

Now when cr" = 0, i.e. the asymptotic shear of the congruence of null 
geodesies vanish at infinity, one has "good" cross sections. On the other hand, 
when non vanishing, one has "bad" sections. The latter corresponds to null 
geodesies ending up with complicated crossover regions in the bulk. Good cross 
sections do not exist in general spacetimes. However, a very special situation 
occurs in stationary spacetimes: in this ease one can find asymptotic shear 
free sections and the space of such cuts is isomorphic to Minkowski space time, 
where a good section corresponds trivially to the Hghteone originating from a 
point in the bulk. Of course in the ease of stationary spacetimes points of the 
isomorphic Minkowski space are not in one to one correspondence with points 
of the physical curved spaeetime; the behaviour in the bulk of null geodesies 
will be however quite mild (compared to bad sections) to end up in an almost 
clean vertex. 

The intersection of the congruence of null geodesies originating from the 
bulk with 3 is a connected two dimensional spacelike surface so we can apply 
the covariant entropy bound and deduce that bad cross sections will in general 
correspond to more entropic configurations from bulk point of view. Indeed in 
the ease of bad cross sections Hghtrays "percolate" more than in the case of good 
sections, producing therefore more entropy. 

One can say more and relate the notion of good/bad cuts to BMS boundary 
symmetries, having in mind a tentative holographic description. Indeed, under 
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BMS supertranslations the transformation rule among asymptotic shears is 

(T°'(w', C, = ^°(«' - «, C, C) + {^?a{0, 0) (4.25) 

where the operator 9 on the r.h.s is the so called "edth" operator (for a defini- 
tion see lEHl)- One is then interested in finding transformations which produce 
new good cuts. For Minkowski spacetime and (remarkably!) again stationary 
spacetimes one can map good cuts into good cuts by means of translations and 
in these cases the BMS group can be reduced to the Poincare group by asking 
for the subgroup of the BMS transformations which map good cuts into good 
cuts. In the general case, however, there are no good, i.e. asymptotic shear 
free sections, and from BMS point of view this corresponds to not Lorentz free 
supertranslations. 

Applying therefore the covariant entropy bound one finds that bad sections 
correspond to more entropic configurations in the bulk and (not Lorentz free) su- 
petranslations on the boundary. Time dependence produces more irregularities 
in the bulk giving therefore more entropy according to previous considerations; 
this is interestingly reflected in compHcated supertranslations acting on the null 
boundary. 

If holographic data are stored then in the S'^ spheres on 9 some of them will 
contain more/less information corresponding to more/less entropy in the bulk. 
We return to this point in Section 7. 

As said, asymptotic vanishing shear allows to reduce the BMS goup to 
Poincare. One might think to start from the stationary case then for sim- 
plicity. There is still however a remnant of supertranslations. Suppose indeed 
to consider a system which emits a burst of radiation and it is stationary before 
and after the burst. The corresponding Poincare subgroups will be different and 
they will have in common only their translation group. They will be related by 
means of a non trivial supertranslation in general. This is quite different from 
what happens in the AdS case as we are going to see in the next Section. 

4.2.2 Difficulties in reconstructing spacetime and compar- 
ison with the AdS case 

We now continue the previous analysis and make some comparisons with the 
AdS case. 

Let us consider again the asymptotic shear. The previous picture tells us 
that the ASG can be reduced to Poincare in some specific points along the 
boundary where the asymptotic shear does indeed vanish. This means that 
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small shapes are preserved asymptotically as we follow the lines generating the 
null congruence using to construct the lightsheets. However, lightsheets acquire 
in general shear in the asymptotic region. This is due tidal forces which are 
responsible for the bending of light rays. But these are in turn described by the 
(asymptotic) Weyl tensor and this quantity (more properly the rescaled one in 
the unphysical metric) enters into the definitions of the so called Bondi news 
functions f59l] which measure the amount of gravitational radiation at infinity. 
There is however another tensor, namely the Bach tensor (recall we are in four 
dimensions) Bafi which does not vanish in the presence of non zero Bondi news. 
In the case of asymptotically fiat spacetimes it is not zero asymptotically. This 
is in sharp contrast with asymptotically AdS cases, where it vanishes asymptot- 
ically, the Bondi news being zero in that case. Actually the condition Bap = 
on 3 is used in the definition of asymptotically AdS spacetimes. 

This has however deeper consequences for holography. In AdS case this al- 
lows to reduce (enormously) the diffemorphism group on the boundary precisely 
to the conformal group. There is then (as already noticed in ^^) a disconti- 
nuity in taking the Hmit A ^ of the cosmological constant. In asymptoti- 
cally fiat spacetimes it means that one cannot propagate the boundary data 
to reconstruct the bulk in a unique way. And this was the essence of the 
Fefferman-Graham theorems for the AdS case [£01 • We therefore see a remark- 
able difference. As a consequence, it also seems quite unHkely that GKPW 
(Gubser-Klebanov-Polyakov-Witten) prescription relating bulk-boundaries par- 
tition functions holds in this case. It seems also difficult to recover a S-matrix 
for asymptotically fiat spacetimes starting from AdS / CFT and taking then the 
large radius limit of AdS. 

As observed before, in general backgrounds the asymptotic shear does not 
vanish and therefore we remain with a big group on the boundary. Notice 
that using relativistic generalization of Navier-Stokes theory one can show that 
precisely the Bach current Jl] can be used to describe entropy production in 
the bulk in the case of non stationary spacetimes. We see therefore that all 
the times (basically the majority) we cannot reduce BMS supertranslations to 
translations we have more entropy production in the bulk according to the 
covariant entropy bound and the production of this entropy can be measured in 
a quantitative way just by using the Bach current, a quantity which translates 
the effect of the bending of fight before the system reaches equilibrium. 

The fact that boundary symmetries cannot be reduced as in AdS case sug- 
gests not only that the propagation in the bulk is not unique (therefore we don't 
see the possibility of a naive holographic RG) as in AdS case but also that a 
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degree of non locality will be present-because of the impossibility of reducing 
the big symmetry group in general- in the candidate boundary theory, where 
fields will carry in general representations of the BMS group. 

This motivates the following analysis of wave equations for the BMS group. 

4.3 Representations of the BMS group 

As said our target is to write (covariant) wave equations as commonly done 
in physics for other groups [221 • We therefore first review very briefiy in this 
section the representation theory of the BMS group (See Appendix A.l and A. 2 
for details). We recall the situation for the Poincare group to compare then 
similarities and differences with respect to the BMS case. We give the "kets" to 
show explicitly the labelling of the corresponding states. Theory and definitions 
used in induced representations of semidirect product groups are reviewed in 
Appendix A. 

Poincare group 

In this case we deal with P = T* \k SL{2, C) whose little groups and orbits 
are well known and are summarized in the following table (see JTS^ and [3])^: 



Little group 


orbit invariant 


representation label 


SU{2) 


=m?, sgn(po) 


discrete spin j (dim=2j+l) 


SU{l,l) 


= — TO"^, 


discrete spin j' 


E{2) 


p2 = 0, sgn(po) 


oo-dimensional, 


m 


p2 ^ 0, sgn(po) 


1-dimensional A. 



We first notice that the generators of can be simultaneously diagonalized 
and for this reason the orbit is the spectrum of energy. We have to impose some 
physical restrictions, namely we call unphysical those representations related to 
negative square mass and negative sign of po ■ Unfortunately, this is not enough 
since we have to deal with a continuous spin coming from E(2). This case is 
^The Lie algebra of the 2-d Euclidean group is: 

[Ea,E0] = 0. 

The two Casimirs of the group are E'^ and C2 = exp{2iTiL:i) where C2 = ±1 (integer and half- 
integer values of L3). The two E{2) are actually the same group with different representations 
depending if the value of the Casimir operator E^ is different (first case) or equal (second case) 
to zero 
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excluded by hand and so we end up with two spin quantum numbers, i.e. j from 
SU{2) and A from E{2); therefore the general ket for the Poincare group is 

|p,i>, |p,A>, (4.26) 

respectively for massive and massless states. 

BMS group 

In this case one has additional freedom since one is free to choose the topol- 
ogy for supertranslations. This is due to the fact that Q is not a Riemannian 
manifold: it is degenerate precisely in the directions along which supertransla- 
tions act. Having in mind Penrose description of the BMS as an exact symme- 
try acting of 3, arbitrary supertranslations functions describe indeed symmetry 
transformations along The standard choice [J^, [JHI made in the literature 
is Hilbert or nuclear topology. The former should be associated with bounded 
systems (for which indeed the BMS group turns out to be the asymptotic sym- 
metry group as originally discovered), while the latter with unbounded (See 
section 7.3 for the role of unbounded systems). 

We first consider the Hilbert topology-i.e. we endow TV with the ordinary 
inner product on S^. Following [JI] , |77j . we remember that the supertrans- 
lations space can be decomposed in a translational and a supertranslational 
part 

N = A®B, 

where only A is invariant under the action of G = 5i(2,C) and T** = ^. 
Furthermore there is also this chain of isomorphisms: 

N ^ N ^ N' ^ N, 

where N is the character space and N' is the dual space of N. This means 
that given a supertranslation a we can associate to it a character x(a) = e^^^°'\ 
where the function /(a) =< 0, a > and where (j) £ N. 

The dual space can be decomposed as iV' = © A" , where B° and A'^ are 
respectively the space of all linear functionals vanishing on B and A and where 
only A'^ is G-invariant. Also the following relations are G-invariant i.e. 

(iV/A)'-yl° N'/A"r~.A'. (4.27) 

In view of the isomorphism between N' and N, we can expand the super- 
momentum (j) in spherical harmonics as 

1 I I 

^— m— — l />1 rn——l 
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where the first term Hes in and the second in Relying on 114.2711 . we can 
think of the coefficients pim with ^ = 0, 1 as the components of the Poincare 
momentum. Thus, we call the dual space of N the supermomentum space and 
define a projection map: 

TT : iV' -> N'/A", 

assigning to each supertranslation (j> a 4- vector 7r(0) — (poiPiiP2,P3)- 
At the end of the day one ends up with [ZJj 



Little group 


orbit invariant 


representation label 


SU{2) 


^ni^, sgn(po) 


discrete spin j (dim=2j+l) 


r 


p"^ ^rr?, sgn(po) 


discrete spin s 


r 


= 0, sgn(po) 


discrete spin s 


r 


p = -m , 


discrete spin s 


e 


p^ = m^, sgn(po) 


discrete spin s 


Cri 


= m?, sgn(po) 


finite dimensional k, 


Cn 


p^ = 0, sgn(po) 


finite dimensional k, 


Cn 


— — m^, 


finite dimensional k, 


Dn 


p2 > 0, sgn(po) (for po > 0) 


finite dimensional c?„, 


Dn 


p2 < 


finite dimensional c?„, 


T 


p2 > 0, sgn(po) 


finite dimensional t. 


6 


p^ > 0, sgn(po) 


finite dimensional o. 


I 


p^ > 0, sgn(po) 


finite dimensional i. 



Therefore the general kets of the BMS group for massive and non massive par- 
ticles'' are: 

\p,j,s,k,dn,t,o,i>, \p,s,k>, (4.28) 

where the new quantum numbers were originally interpreted as possible internal 
symmetries of bounded states |Z3,|2Hl,|Zni and the BMS group was indeed pro- 
posed to substitute the usual Poincare group to label elementary particles due 
to the absence of non compact little groups and therefore of continuous spins. 

^One can interpret the piece belonging to A" as composed of spectrum generating operators, 
while those in act on the vacuum in the context of a holograhic description. We thank J. 
de Boer for the remark. 

'^In the BMS group the massive and the massless kets are both labelled by discrete quantum 
numbers related to faithful representations of (almost the same) compact groups whereas 
in the Poincare case massless states are labelled by the discrete number of the unfaithful 
representation of the non compact group E{2). 
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Choosing a different topology for supertranslations, however, one registers 
the appearence of non compact Httle groups in the BMS representations theory 
too jHDl- We behave that precisely for this reason the hope to use BMS group 
to label elementary particles was abandoned. However another interpretation 
of these numbers has been suggested as we are going to see soon. 

Consider then the ket for the nuclear (or finer) topology. First of all, recall 
that in this case it is impossible to have an exaustive answer since not much is 
known about discrete subgroups. Nevertheless we have 



Little group 


orbit invariant 


representation label 


r 


p2 = ,7^2 -m'^, sgn(po) 


discrete 1 dim. spin s 


SU{2) 


^rri^, sgn(po) 


discrete 2j + 1-dim. spin j 


A 


p2 = 0, sgn(po) 


finite dim. 5 or oo dim. 


^1 


= 0, sgn(po) 


finite dim. si 




= 0, sgn(po) 


finite dim. S2 




= 0, sgn(po) 


finite dim. S3 




p^ = 0, sgn(po) 


finite dim. S4 


S5 


p^ = 0, sgn(po) 


finite dim. 55 



We omit the study of little groups with m? < Q since in principle they have 
no physical relevance. Thus the general ket for the BMS group in the nuclear 
topology is: 

|p, j,s,{t„} >, |p,j,s,(5,{s„} > (4.29) 

where the first case refers to faithful representations with > and the index 
{tn} stands for all the representation numbers of finite groups; the second ket 
instead refers to the massless case and {s„} stands for all the representation 
numbers of the non connected groups. 

Note that it is because of the infinite dimensionality of supermomentum 
space that one has non-connected or even discrete little groups, since one can 
have a lot of invariant vectors in this case. This is quite unfamiHar, since angular 
momenta are normally associated with connected groups of rotations. From an 
experimental point of view this also renders problematic the measurement of 
these "Bondi spins" as they are normally called. Indeed only in the case of the 
little group SU{2) BMS representations contain a single Poincare spin, otherwise 
they contain a mixture of Poincare spins. Note also a curious fact: for > all 
bosons with the same mass appear in the same multiplet while all fermions with 
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the same mass appear in the same multiplet though corresponding to different 
representation. 

4.4 Wave equations 

In this section we derive the covariant wave equations for the BMS group. As 
remarked before and in the following, nuclear (or even finer) topology is expected 
to be associated with unbounded systems, perhaps with infinite energy too. 
This would require in general Einstein equations in distributional sense and 
a different notion of conformal infinity. We therefore restrict to the Hilbert 
topology describing bounded systems in the bulk. 

Canonical wave equations have been suggested in [Z^, though physicists 
normally use covariant wave equations. To derive them we use the theorem 
contained in [HI] which shows how to get irreducible covariant wave functions 
starting from (irreducible) canonical ones. The framework- based on fiber bun- 
dle techniques, is quite general and elegant. For definitions and notations see 
Appendix B, which we suggest to read before this section. 

We are also going to use sort of diagrams in the discussion which, although 
not completely rigorous, may help to handle the formalism easier. 

Consider then the following diagram 

G = Nt< SL{2, C) -^-^ GL{V) 

TT * 

N ^ ■ F{N, V) 

TT 

The representations induced in the above way are usually referred as covari- 
ant. Since the bundle is topologically trivial i.e. G = N x SL{2, C) we are free 
to choose a global section sq : N ^ G and the natural choice is so{n) = (n, e); 
it is possible to see from ljB.3p that 'Jo{{n, k), n') = (0, k) which implies that the 
matrix A{g,n') = 2(7(5, n')) (see Appendix B for definitions) does not depend 
on the choice of the supertranslation n' whereas this fails for induced represen- 
tations. The only problem for covariant representations is that in general they 
are not irreducible even if S is, but as said a method jHI] to compare covari- 
ant and induced representations was formulated. Consider indeed the following 
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"diagram": 

G^G^NkSL{2,C)^^GL{V) , 

I 

TT I * 

Y 

N ^ -, F{N, V) 

TT 

where N is the character space of iV and F is the bundle Nt<SL{2, C) X5^(2_c)^- 
Thus we can introduce a T representation acting on the sections of r(F): 

f{n,k)xl){kx) = (kx){n)ktp(x), 
which is a transposition of 

TigMgx) = 9^ix)- (4.30) 

Using the natural section (in the character space) sq{x) ~ (Xj^), the action 
of the group G on the function f : N ^ V is given from (I4.3fl|l by 

(t,„(n, fc)/) (kx) = (kx){n)Y.{k)f{x), (4.31) 

which we can refer to as the covariant wave equation. The relation between 
induced and covariant representations can be made now choosing a fixed char- 
acter on an orbit Q (physically speaking going on shell) and denoting with a 
the representation of Kxq subdued by S. 

The essence of the Theorem contained in is that if W is the canonical 
representation of G in T{F) induced from Xq<^ than there exists an isomorphism 
of bundles p : F —f such that the map R : T{F) — > V{Fi-i) defined by 
R'4'ix) = p('0(x)) satisfies 

RoW = fno R, 

which states the equivalence between W and Th . Notice that with Tq and with 
Fq we simply refer to the (on shell) restriction on the SL{2, C)-orbit. The above 
framework can be applied for a given group G = N x H as follows: 

1. identify all little groups C H and their orbits (labelled by Casimir 
invariants) 

2. construct a representation induced from and choose a section for the 
bundle G((G/G'x),7r,Gx), 



3. construct the canonical wave equations for each little group. 
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4. construct the covariant wave equation starting from a representation of 
H upon the choice of a section of the fiber bundle G{N, tt, H). Write the 
covariant wave equation in the dual space. 

5. relate the induced and the covariant wave equations restricting the latter 
to the orbit of a little group and then defining a linear transformation V 
acting on functions given by 

where U is the representation of H and s is the section chosen at point 
(2). 

6. since the representation U is in H and it is reducible, it is necessary to 
impose some constraints (i.e. projections) on the wave functions corre- 
sponding to the reduction of the representation U to one of the little 
groups. 

Poincare group 

We review first how the above construction applies to the Poincare group 
T'* K SL{2,C). For further details we refer to the exsisting literature [Zlj, [22] 
and [HI]. As discussed before, little groups and orbits of the Poincare group 
are well known and in particular for a massive particle the orbit is the mass 
hyperboloid SL{2,C)/SU{2) ~ Sft'^ and a fixed point is given by the 4- vector 
(m, 0, 0, 0). A representation for SU{2) is the usual 2j + 1-dimensional and 
a global section (see appendix of [JJ]) for SU{2) can be chosen remembering 
the (unique) polar decomposition for an element g G SL(2, C) given hy g — pu 
where p is a positive definite hermitian matrix and u G SU(2). Thus a section 
r] can be written as: 

r;(p) = ,Kp[5t/(2)]) = (p,0). (4.32) 

This concludes the first two points in our construction; a canonical wave equa- 
tion can be immediately written starting from (|B.2ll as: 

C/™'+'^' (5) fidP) = e-'-'-D^ [PAlA^aPAjfip), (4-33) 

where g = (a. A), the exponential term is the character of a € T'^, the • rep- 
resents the Minkowskian internal product, p is a point over the orbit, J7 is a 
representation of the little group over an Hilbert space Hj and f(ji) is a function 
in L2(5i(2,C) k N/SU{2) \x N) ® Uj. Notice also that the representation is 
labelled by the SU{2) quantum number j and by the indices m, -I- that allow 
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to select a unique point over the orbit through the identification m = K and 
sgn{K) > 0. 

The covariant wave equation can be written for functions f{p) G L'^{T'^) ® TL\ 
as: 

{U\g)f) (a) = C/A(A)/(A-i(a - a')), (4.34) 

where g — (a', A) and U\ is a representation of SL{2,C). In the dual space 
H4.34II becomes: 

[U\g)f) (p) = e^P-C/A(A)/(A"ip). (4.35) 

This concludes the fourth point of our construction; the reduction to the orbit 
of the SU{2) little group can be achieved requiring the mass condition for each 

which amounts to restrict ^ the measure d'^{p) to dfi'{p) — 2n6{p'^ — ni'^)9{p^)d'^p. 
This means that instead of dealing with functions in L'^{T^, d'^p) (g) Hx we con- 
sider elements of the Hilbert space = L^(^T^^ d^'{p)) (g) H\. In order to 
relate the canonical and the covariant wave equations, we introduce the operator 

V^Uxip-'), 

where = ijip)"^. This acts on functions as 

iVf)ip)^Ux{p;')f{p). 

Thus if we define the space W^''^'^ to coincide as a vector space with 7^™.+-^ 
but equipped with the inner product 

(/,/'). = / dp'ip){u,ifj{p))-'fip),ux{vip)-')np))^^, 

we see that the map V is indeed unitary and substituting it in II4.35|I through 

(C/"'+'\5)/) {P) = e'<^-'^>{7A(p;iApA-,^)/(A-V), (4.36) 

which is coincident with the canonical wave equation even if J7a is still a repre- 
sentation of SL{2,'C). This means that in general our wave function has more 
components that those needed and for this reason, we have to introduce a suit- 
able orthoprojection modding out the unwanted components. This can be done 
introducing a matrix tt such that 

7r/(p) = /(p), 

*Here and in the following we denote with ' the measure restricted to the orbit. 
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where p is a fixed point over the orbit. Another way to express the projection 
operation is to consider the point ,f'{p) = (U{A)f){p) and the equation Ij4.36|l 
in order to obtain the more famihar expression 

■^{p)f{p) = f{p), 

where p — L^^p and where tt{p) = D^^{A)ttD{A). Using the decomposition 
A — that we introduced in order to construct the section for the SU{2)- 
orbit and using the fact that tt commutes with D{'j) with 7 G SU{2), then 
7r(p) = D~^{pp)TTD{pp); so we have that n{p) transforms as a covariant matrix 
operator. 

Let us consider expHcitly the case of a massive particle with spin i; to 
preserve parity we consider the representation D^a-O) ® D'-'^''^^ the matrix n 
projecting away the unwanted components is: 

7r = dzag[l,0,0,0] = i(7o+/), 

where 70 is the usual Dirac's 7 matrix. Using the covariant transformation of 
this matrix, we find that 

©i5(°'5))-i(Ap)7r(D(^'0) ©i?(0'^)(Ap)) = ^{j^pi' + m), 

where p = L\p and where p — (m, 0,0,0) is a fixed point in the iS'C/(2)-orbit. 
Thus the equation T^{p)f(jp) = f{p) for f{p) G i^(5R'', dp{p)) ® H\ becomes: 

(7pP^ - m)f{p) = 0, 

which is the well known Dirac equation. In a similar way we can find the well 
known equations for all SU{2) spins. 

Let us briefiy remark that for massless particles the situation is more com- 
pHcated since in this case we have to deal with the non compact E{2) group. 
The representation of SL{2, C) cannot be fully decomposed into representations 
of E{2) and thus the orthoprojection condition has to be modified [81] . 

4.4.1 Wave equations for the BMS group 

RecaUing the discussion on representations of the previous Section we focus on 
the Hilbert topology case and derive the covariant wave equations for the little 
groups SU{2),T, 9 and finite groups. 
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The group SU(2) 

Clearly the first point of the construction has already been given by McCarthy 
f|75). \77\ ) togheter with a partial classification of the orbits. For massive parti- 
cles a great difference arises from the Poincare group where the only orbit with 
m > is the one of the SU{2) little group whereas for the BMS group, apart 
from SU{2), we need to consider more groups as it can be seen from the tables 
in the previous Section. 

Let us now address point (2). Remember that in this case the orbit is isomor- 
phic to di^ and that a fixed point on the orbit is given by a constant function 
K over the sphere S"^. Thus the orbit is uniquely characterized by the mass 
= K and the momentum 4- vector is given by 7r(0) = (m, 0, 0, 0) where is 
a constant supertranslation. 

A section for the bundle G {SL{2, C) x N/SU{2) k N, tt, SU{i) x N) has been 
given in the previous discussion on the Poincare case through the polar decom- 
position g = pu with u G SU{2) and p a positive definite hermitian matrix. 
Thus a section r] can be written as: 

7y[p] = 77[p^C/(2)] = (p,0). (4.37) 

Point (3) is also easy to implement starting from the well known represen- 
tations of SU{2) since ljB.2ll becomes: 

C/"'+^^ [g) u{gp) = e^<^''^>D^[plXA,p^Ju{p), (4.38) 

where g = (a, A) e BMS, the exponential term is the character of the super- 
translations o expressed via the Riesz-Fischer theorem, p is a point over the 
orbit, C/ is a representation of the little group over an Hilbert space Tij and 
u{p) is a function in L^{SL{2, C) k N/SU{2) k N) ® Hj. 

After completing point (3), we can write the general covariant wave equation. 
In this case we deal with functions / S L'^{N) ® Hx (A is index for an SL{2, C) 
representation) i.e. 

{U^{g)f) (0) - t/A(A)/(A-i(0 - 0')), (4.39) 

where g = {(f>',A) and U\ is a representation of SL{2,C). We go to the dual 
space of supertranslations using the well defined character x(a) and functional 
integration restricting to the SU{2) orbit to get for /(a) G L'^{N) ® H\. 

{U\g)f) (a) = e^«^»[/A(A)/(A-ia), (4.40) 
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Thus in the end we deal with functions in 7^™'+'^ = L'^iN, dii')(»'Hx. The Unear 
operator relating the induced and the covariant wave equations is given for a 
generic point in the orbit p = ((/>, A) by 

where p^^ — ri{p)^^. This acts on functions as 

{Vf){p) = Ux{p-')f{p). 

Thus if we define the space to coincide as a vector space with 

but provided with the inner product 

(/, /'). = / dp'ip) {Uxivip))-'fip), UxHp)-')fij>))n, ' 

orbit 

we see that the map V is indeed unitary and substituting it in Il4.4fl|l through 

(C/"^+'\5)/) {P) = e*<^''^>C/A(p;^ApA-ip)/(A-V), (4.41) 

which is coincident with the canonical wave equation though U\ is still a repre- 
sentation of 5*27(2, C). 

The last point of our construction comes into play since we need to impose 
further constraints on the wave equation in order to mod out the unwanted 
components arising from the fact that U\ is a representation of S'i(2,C) that 
has to be restricted to an SU{2) one. This reduction can be expressed using a 
matrix tt and, for the BMS group, the discussion for SU{2) is exactly the same 
as in Poincare; so if we choose a fixed point (j) in the orbit, the constraints we 
have to impose becomes: 

TT[SU{2)]f{4>) = f{4>). (4.42) 

Remembering that a representation _D(-?iJ2) ^ SL{2,C) can be decomposed 
into SU(2) representations through D^'->'^-'^^' ~ , the matrix tt simply 

j=\3l-32\ 

selects the desired value of j from the above decomposition. If, as an example, 
we consider the value j = 1 in the representation D^^'^) — -D-*, the matrix 
TT is: 

tt[SU{2)] ==dmg[0, 1,1,1]. 



The group F 
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Consider now F, namely the double cover of 5*0(2). An element of this group 
is given by a diagonal complex matrix: 

e^2* 

Again in [23 the orbits for this little group were studied and it was shown that 
both the squared mass and the sign of the energy are good labels. A fixed point 
on this orbit is given by a supertranslation depending only on the modulus of the 
complex coordinate over S'^ i.e. ip = ip{\ z |) (or equivalently in real coordinates 
this means that ipiO, does not depends on 0).Thus in this case the projection 
over the four-momentum for the fixed point is 

TT{^ie,ip)) = (po,o,o,P3). 

Notice also that we choose in the orbit of F those functions not in the orbit 
of SU (2)-i.e. they cannot be transformed into a constant function; this means 
that any point in the orbit has the form — Tip{\ z \). In [J^ also a section for 
the bundle G(S'L(2, C)/F, tt, F) has been given: any element g G SL{2,C) can 
be decomposed as explained before as g = pu with u G SU{2). The element u 
can further be decomposed as u = 70cre7^ which implies g — tj^ where now 
7^ G F. Thus a section can be written as: 

r;(r[r]) ^ (0,r) G BMS. 

This completes the first and the second point of the construction. The canonical 
wave equation can be written directly from the one-dimensional representation 
for F acting on an element 7 as a multiplication in one complex dimension: 

This leads to 

[/"•+'^'^"(.9)/(.9P) = e^<'^''^>D%Tll^^A,TA,)f{p), (4.43) 

where g = (a, A) £ BMS, f{p) is a square integrable function over the orbit 
SL{2, C)/F ~ 3?^ X 5^ and the indices on the left hand side label the orbit. 

Notice that the difference from SU{2) is that these indices are not uniquely 
determining the orbit since in that case the fixed point was given by the constant 
supertranslation K — m and for this reason the value of the mass, and the sign 
of po were fixing in a unique way the point over the orbit. On the other hand here 
the labels to, -t-,po are fixing only a class of points with the same 4-momentum 
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i.e. = {pa, 0, 0, ■\/ + p^) whereas the supertranslation associated is not 
unique since in real coordinates it has the form: 

(l){e)=po+P3cose + h{0), 

for all possible h{6) F-invariants. 

It also worth stressing that if we choose pq — m and ps — (i.e. the equiva- 
lent of the rest frame) , the associated supertranslation is not constant but it has 
the form (/)(6') = K + h'{9) with h' since otherwise the point would belong 
to the SU{2) orbit which is impossible. This can be seen as the impossibility 
to define ordinary angular momentum . More generally this is related to the 
statement [HS| that the representations of BMS different from SU{2) cannot 
be uniquely reduced to Poincare ones but each of them decomposes into many 
differents Poincare spins as recalled before. 

Point (4) of our construction goes along similar fines just by reducing the 
functional integration to the corresponding orbit. Thus we only need to define 
the linear map for a generic point over the orbit p — (a, A) 

where p~^{p) is the inverse of the section r]{p). As in the case of SU{2) this 
finear operator switches from the space Ji^'+'Po-'^ = iF'^N.dp!) ® Tis to the 
space TiJ^'+'P"'* which coincides as a vector space but the internal product is: 

(V-, = I dp'ip) {Uxivip)-')m, Ux{il{p)-^)m)n. ■ 

As before substituting the map V into Ij4.4flll . we get: 

([/m,+,Po,A(^)^) b) = e^<^'">C/A(r;iATA-ip)/(A-V), (4.44) 

which is coincident with II4.43|I except that the representation needs to be re- 
duced from SL(2, C) to F. Since all little groups in the Hilbert topology are 
compact, we know that U is always completely reducible and that the desired 
irreducible component can be picked out. 

As before we start from a representation _d(0'-J) © dO'^o) to make sense of 
parity and we impose restriction. Since the decomposition of D^[SU{2)) into F 
is well known and has the form: 

/ 

D\T)= c/™(r), 

m— — l 



4.4 Wave equations 



93 



we can first project from SL{2, C) into a representation of 5(7(2) and using the 
above decomposition, select a particular value of s. The procedure is basically: 

jl+i2 31+32 j 

j=\3l~32\ 3 = \3l-32\ s=-j 

The subsidiary condition is: 

7r(r)/(0) = /(0), 

where is a fixed point over the orbit (i.e. (f) — Po + Ps cos 6 + h{0)) and where 
7r(r) extracts from the above decomposition the desired s component. As an 
example in the case of s = 1 from the representation 13(5^5) we know that: 

j=0 j=0 s=-j 

so that 

TT = diag[0, 0,0,1] 
The group G 

The third group we examine is the compact, non-connected little group 
8 ~ ri?2 where R2 is the set (not the group) given by the matrix / and 
1 
-1 

of r which are also invariant under R2. This last condition is equivalent to 
require for the supertranslation tp{9) — ■4;{—9). Upon projection over the dual 
space this implies that 7r(V') — po + p^cosO = pq. Thus a fixed point under the 
action of Q is an element of the orbit of F with the form 

^{9)=po + hi0), 

with clearly h{6) ^ since otherwise the supertranslation would be in the SU (2) 
orbit. 

Another important remark is that the orbit S'i(2,C)/0 is 5R"^ x which 
is the same orbit of the group F plus the antipodal identification of the points 
over the sphere due to R2 . In order to choose a section we remember that every 
g e SL{2, C) can be decomposed as g = T7 with 7 S F; a point in SL{2, C)/F is 
thus identified with the value of r. In our case a global section (see [77J can be 

cos ^ i sin ■ 



J = 



. The orbit of this group is given by the points in the orbit 



given noticing that every matrix ae 



2 

cos I 



can be decomposed 
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as (Te = (Tgiq with < 9' < ^, q ~ 7j7'7_^ and r G i?2. Since any element 
g of SL{2,C) can be written as g = pu ~ pj^agj^, we can plug in the above 
decomposition 

g = P7*cre"?70 = ■ 

Thus we can see that a section to : G/Q ^ G is given by w{g&) = uj{Xq'Q) = 
uj{XQ) = A. From this we can easily write a section SL{2,C) k N/Q k N ^ 
SL{2,C) K N as: 

r;(/3) = (/3,0). 

This concludes point (1) and (2) of the construction. Consider now 8 represen- 
tations: the 1-dimensional one when s = (s is the index for the representation 
of r) which is C/(7) = 1 and U{J) = — 1 whereas for integer s we have: 



gis0 Q 

e~5' 



C/(J) = 



{-Y 

1 



RecaUing that the for the orbit of 6 we can apply the same considerations and 
the same labels as for F except that in our case — (and po ^ m), we can 
write 

C/"'+'^(7«)(<?)/(5P) = e^<^'^>D^[(3lXA,(3^Jfip), (4.45) 

where here we denote with D'^ the representation of 9 over an Hilbert space 
Hs and thus the function f{p) is in = L^{SL{2,C) k N/Q k N) ® Us- 

We proceed than as in the previous cases. We introduce the operator V = 
Us{r]{l3{p)-^)) that sends the Hilbert space 7^™'+'* to Ti™'"*"'* which is coincident 
as a vector space to the first but it is endowed with the internal product: 



(/, /'). = j dp'ip) (C/a(^(p))- Vb), U,ivip)-')np))^ . 

As usual substituting the map V into H4.4fl|l we get: 

(C/™'+'' (<?)/) (P) = e^<^'">C/A(/3;'A/3A-i,)/(A;i), (4.46) 

where f(p) = {Vf){p) and U\ is the restriction of U\ from SL{2,C) to 8. 
We now reduce U\ and this is indeed possible since 8 is compact. This can be 
achieved as for the F case using the character formula (see sgSj) and every single s 
appears exactly once in the decomposition ofSU{2). We proceed then as in the F 
situation with the exception that now the projection equation 7r[8]/(0) — f{<p) 
is applied to the supertranslations which are a fixed point over the orbit of the 
8 group. The form of the matrix will indeed be the same. 
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Finite groups 

Only finite dimensional groups have to be considered in the massive case. 
We shall address only the (double cover of the) cycHc group C„ as an example 
since all the others are similar cases. 

The group (7„ is given by the diagonal matrices: 




where 1 < fc < 2n. The orbit for this group is constructed from a fix point which 
is given by those supertranslations satisfying the periodic condition 1^(9, ip) = 
tp{9,ip + ^). Thus, a part from the case n — 1 which is trivial, the above 
condition tells us that the function tp{9, (p) = po+ps cos 9 + k{9, ip) where k{9, ip) 
is a pure supertranslation. Furthermore we can assign a global section to this 
orbit noticing that any element of T can be decomposed as: 



" ' 




' e'^ 


e-'i 




e"*^ 



where < t' < ^. Since any element g of SL{2,C) can uniquely be written 
as (7 = T^e, we can plug in the above decomposition writing g = r^grCk. Thus 
uj{gCn) — uj{T^g,CkCn) = ^(cx-Cn) = OL. This concludes both points (1) and 
(2) of our construction. The representation is simply one dimensional and gives 
D'^ig) — with 1 < fc < 2n. Thus the canonical wave equation is simply: 

C/"'+'^°''=(.9)/(gp) = e^<^-^>D^[all^K,a^^]f[p), (4.47) 

where as usual g — (a, A), p is a point over the orbit and f{p) G i^(S'i(2,C k 
N/ Cn K N) (g) Tik ■ The operator relating the two description is as usual V = 
UxiVp^) that acting on functions over 7^™.+^po,a ^ L'^{N,d^i') as: 

{Vf){p) = Ux{ri-\p))f{p)- 

Thus V sends the Hilbert space Jf^^+'VO''^ into t^^'+.po.s which are coincident 
as vector spaces but the latter is endowed with the inner product: 

a/'). - / rfM' {ux{ri{p)-')np)Mv{p)-')i'{p))n, ■ 

Substituting the map V into II4.41|I . we get 

(C/^'+'^^'V) (P) = e^<'^'^>Ux{a;'Aa^-i)f{A-'p), (4.48) 
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which is as usual coincident with Ij4.47ll except for the fact that we need some 
further constraints to select the rep we like. In this case we can start from a 
representation of SL{2,C) and progressively reduce it first to SU{2) then to T 
and in the end to C„. Following jHHl we only need to consider the reduction 
of a representation of T. Since on an element c„ G C„ 13* acts giving e~ 
whereas the representation of D of C„ gives e~ ; thus the representation of C„ 
appears only one or no times in D'^ . This condition is expressed by the equation 
s = ^{mod n). From this we can see that 

j = \]l-]2 \ S = 

We can easily now extract the orthoprojection matrix tt and write the additional 
conditions 

where is a fixed point over the orbit of the C„ group. As an example let 
us consider the case A; = for C2 in the representation D^^'i). We find from 
the decomposition that the C/°(C2) can appear only when the equation = 
|(mo(i2) holds; since p ranges only from —1 to 1, this implies that the desired 
representation appears only once in each 13° (F). Thus 

n[C2] = diag[l, 0,1,0]. 

This concludes our analysis for the massless case and also for the massive 
case, since all other discrete groups in the Hilbert topology are acting like the 
cyclic. 

4.4.2 Generalizations of the BMS group and possible ex- 
tensions of the results 

A natural question arising both from the representation theory and wave equa- 
tions concerns the origin and meaning of discrete little groups. A suggestion 
comes from jHH where McCarthy studies all possible generalizations (42 in the 
end) of the BMS group. Among them one finds N{S) k where -L+ is the usual 
(connected component of the homogeneous) Lorentz group and N{S) is the set 
of C°° scalar functions ("supertranslations" this time defined on a hyperboloyd 
and depending on three angular coordinates) from = {a; g R'^'^ | x • a; < O} 
to K. This group is isomorphic to the Spi group identified by Ashtekar and 
Hansen [SH as the asymptotic symmetry group of spatial infinity lo in asymp- 
totically fiat space-times. The study of the representations for this group as 
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well as for all others BMS-type groups can be carried on exactly along the lines 
of the original BMS. Thus we have still a freedom on the choice of topology for 
the "supertranslation" subgroup and wave equations can be in principle derived 
exactly in the same way as we did in the previous sections. Furthermore this 
suggests that a candidate field theory living on zq with fields carrying represen- 
tations of Spi, should display, as well as the theory on 5*, a high degree of non 
locality this time with even more degeneracy since three instead of two angular 
coordinates define supertranslations. 

Finally McCarthy also identified the euclidean BMS and the complexification 
of the BMS group^; the study of representations for these groups endowed with 
Hilbert topology gives rise to discrete groups and it has been suggested to relate 
them to the parametrization of the gravitational instantons moduH space. 

4.5 Implications for the holographic mapping 

4.5.1 Identifying boundary degrees of freedom 

As we have seen in the previous analysis wave functions appearing in covariant 
and canonical wave equations are functions of the supertranslations or in dual 
terms of supermomenta. We have therefore a huge degree on non locality, the 
fields depending on an enormous (actually infinite) number of parameters enter- 
ing into the expansions of supertranslations (supermomenta) on the 2-spheres. 

In addition their fiuctuations are supposed to spread out on a degenerate 
manifold at null infinity. Recall also that supertranslations act along the u 
direction and are punctual transformations, with u playing the role of an affine 
parameter. Because of the difficulties in defining a theory on a degenerate 
manifold we find therefore more natural to place these fields and the putative 
boundary dynamics on the so called cone space j^, the space of smooth cross 
sections on 3. The BMS group is thus interpreted as the group of mappings of 
the cone space onto itself. 

We can give a pictorial description as follows: fix a two sphere section on S 

and associate with this a point in the cone space calling this the origin. Any 

other point in the cone space will correspond to another two sphere section on 9 

and can be obtained by moving an affine distance u = a{9, cj)) along the original 

3. In this way points on cone space are mapped one to one to cross sections on 

^The euclidean BMS is the semidirect product of N{M.'^ - {0}) with 50(4) whereas the 
complexification of BMS is given by the semidirect product of the complexified Lorentz group 
050(3, 1) with the space of scalar functions from = {x g | x ■ x = a; 7^ 0} to C. 
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Therefore the holographic data ought to be encoded^° on the set of 2-spheres 
and these in turn are mapped to points in cone space; we think then the can- 
didate holographic description Hving in an abstract space, implying in the end 
of the day that holography should be simply an equivalence of bulk amplitudes 
with those derived from the boundary theory. 

An interesting consequence of working in the cone space is that one has in 
principle a way to define a length and therefore separate, in some sense, the 
spheres 5^ along null infinity. One can actually choose coordinates on the cone 
space: they will be the coefficients entering in the expansion of supertranslations 
in spherical harmonics. One can then show that there exsists an affine structure 
(infinite dimensional) on the cone space and eventually define a length for vectors 
in the cone space 



This should allow to define jHHl a sort of "cutoff", a concept otherwise absent 
on the original degenerate 9. In the case of AdS/CFT the dual theory is a 
CFT with no fundamental scale. There, however, one uses the fact that AdS is 
basically a "cylinder" to end up with the correct counting from both sides jHOl ■ 

This goes along the direction suggested by Bousso in Actually apart 

from the special AdS case where one can show that, moving the boundary- 
screen to infinity, the boundary theory is indeed dual since it contains no more 
than one degree of freedom per Planck area |90j . the "dual theory" approach 
should not work in our case and one should expect theories with a changing 
number of degrees of freedom in the case of null boundaries. Degrees of freedom 
should appear and disappear continuously^^. The dependence of Ij4.49ll on the 
coefficients tells us that a possible cut off length can change according to the 
number of coefficients we switch on-off. In turn we have seen that again a{6, (j)) 
enters in the changing of asymptotic shears and we have related the possibility 
of more/less bulk production according to the vanishing of asymptotic shear. 

Interestingly, more/less bulk entropy will have in the end of the day effect 
on the way one defines lengths on the cone space. 

^"See 1861 for a similar considerations despite differences in the choice of screens. 

^^The situation can be compared to the BMN 1871 limit of AdS/CFT, where the boundary 
of a pp-wave background is a null one dimensional line and geometrical interpretation seems 
difficult (and may be lacking). Again holography seems to be thought as an equivalence 
between bulk/boundary amplitudes, the latter may be living in some smaller CFT. 

^^We thank G.'t Hooft for stressing this point also in cosmological context 




(4.49) 
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4.5.2 Similarities with 't Hooft S-matrix Ansatz for black 



The final picture one gets is quite similar to the scenario proposed by 't Hooft 
|45) in the context of black holes. In this case we have sort of holographic fields 
living on the horizon of the black hole. Time reversal symmetry is required and 
therefore one has operators Hving on the future and past horizons. 

The description is given in first quantized set up and the degree of non 
locality is eventually expressed in the operator algebra at the horizon 



where u{Q),v{n) are the holographic fields Hving on the future/past horizon 
depending on the angular coordinates O and /(O, f]') is the Green function of 
the Laplacian operator acting on the angular horizon coordinates. Clearly the 
algebra is non local. 

In this case too the angular coordinates are at the end of the day responsible 
for the counting of the degrees of freedom, even if 't Hooft S-matrix Ansatz is 
derived in a sort of eikonal limit assuming therefore a resolution bigger than 
Planck scale in the angular coordinates. 

The Green function f{fl,fl') tells us how to move on the granular structure 
Hving on the horizon and it is similar to our supertranslations generated indeed 
by Pim = Yim{^)du- The holographic information is therefore spread out in 
both cases on angular coordinates. 

Going then to a second quantized description of 't Hooft formalism, fields 
are expected to be functional of u{fl) and v(fl), pretty much in the same way 
of our case. A proposal of 't Hooft (for the 2+1 dimensional case) preserving 
covariance is indeed 



where fields are functional of coordinates in turn depending on the angles. Of 
course the horizon itself is a very special null surface and the set up is differ- 
ent, since the whole 't Hooft picture is dynamically generated in a holographic 
reduction taking place in a sort of WKB Hmit. At the end of the day, however, 
angular coordinates and their resolutions are the basis for the book-keeping of 
states. 

The horizon itself is a sort of computer storing-transmitting information. 
One looses in a sense the notion of time evolution. This suggests that also 
in our case (recall that u acts via point transformations) the fields we have 



holes 



(4.50) 




(4.51) 
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constructed are not quite required to evolve but are independent data living on 
the 2-spheres. What generates the dynamics should be a S-matrix in the spirit 
of 't Hooft. In this sense, the states are indeed holographic, since contain all 
bulk information. 

4.5.3 Remarks on the construction of a S-matrix 

Therefore, in analogy with 't Hooft scenario, we could imagine [HHI a S-matrix 
with in and out states Hving on the respective cone spaces corresponding to 3+ 
and 9~ with fields carrying BMS labels. Of course the big task is to explicitly 
construct such a mapping. 

However, the motivation for a S-matrix is also due to the fact that in the 
asymptotically fiat case we have problems with massive states which can change 
the geometry at infinity. In the case of AdS/CFT correspondence, on the other 
hand, it is true that one has a sort of box with walls at infinity so that quan- 
tization of modes is similar to fields in a cavity. But via the Kaluza-Klein 
mechanism one generates a confining potential for massive modes. Note also 
that already for massless fields the scattering problem in the physical spacetime 
can be translated in a characteristic initial value problem ^| at null infinity in 
the unphysical spacetime. 

The way in which one should proceed in quantizing has to be different from 
the usual one, since one does not need choices of polarizations to kill unwanted 
phase space "volume". This has already been pointed out in j22l discussing BMS 
representations and therefore is automatically induced to fields carrying BMS 
representations we have constructed. 

The choice of Hilbert topology, as already remarked, should be associated 
with bounded sources in the bulk, while the nuclear one should correspond to 
unbounded systems. In order to accommodate the unbounded systems which 
ought to correspond to scattering states, one should however define a proper 
notion of conformal infinity for unbounded states and this seems a difficult prob- 
lem. Note however that to have a unitary S-matrix in a candidate holographic 
theory one must include unbounded states into the Hilbert space, otherwise 
asymptotic completeness jHS] is violated. 

^^One should also may be take into account the role of spatial infinity in gluing the past 
and the future null infinities. 

^'*|?)f| contains a derivation of the Hawking effect and an interesting discussion on the 
BMS group. The main point is that one can have in any case an unambiguous definition of 
positive/negative frequencies and this is what matters for the Hawking particle production. 
Recall however that there ones refers to fields and their asymptotics in the bulk, not to fields 
carrying BMS representations as the ones we have derived. 
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In it was also suggested to take a finer topology than the nuclear one 
because of the freedom in the topology choice for the supertranslations. It 
was proposed to use real analytitc functions enlarging therefore supermomenta 
to real hyperfunctions on the sphere. Interestingly quantum field theories in 
which fields are smeared by hyperfunctions show a non local behaviour and the 
density of states can have a non polynomial growth. This might in principle 
allow to recover bulk locality^^ although one should consider hyperfunctional 
solutions to the Einstein's equations. Moreover, if one assumes that the high 
energy behaviour of the density of states in the bulk is dominated by black 
holes, the exponential growth of states which suggests an intrinsic degree of non 
locality might be explained by working with hyperfunctions. This is again in 
sharp contrast with the asymptotically AdS case where the black hole density 
of states grows essentially like the entropy of a CFT . 



^^See |94| for similar considerations even if from a different point of view. 



Chapter 5 

Conclusion 



In this thesis we have studied several aspects of two different systems in which 
we wanted to implement the holographic principle. 

In the previous chapter we focused our attention on asymptotically flat space- 
times; we followed a road similar to the one settled by Maldacena in the AdS/CFT 
scenario where the bulk datas are essentially encoded in a field theory invari- 
ant under the action of the conformal group which is the asymptotic symmetry 
group of an AdS manifold. In the asymptotically flat framework, the role of 
the conformal group is taken over by the so called Bondi-Metzner-Sachs group 
which is the semidirect product of the homogeneous Lorentz group with the 
abelian set of maps from the 2-sphere into the real numbers. 

We outlined the construction of the BMS group following the approach pro- 
posed by Penrose who considered the boundary of an asymptotically flat space- 
time as a separate manifold from the bulk. This line of research considers the 
BMS group as the set of isometrics preserving the inner structure of the null 
inflnity 3^; this suggests to look at the BMS group as a universal feature of 
any asymptotically flat space-time and not only as the set of diffeomorphism 
preserving some suitable asymptotic form of the metric. Starting from these 
remarks, we focused our attention on the implementation of the holographic 
principle in such framework. The first step in this direction was to recognize 
that already at a geometrical level the asymptotically flat scenario has a com- 
pletely different beahviour compared to an AdS manifold. In particular we 
appHed Bousso covariant entropy conjecture to show from one side that the null 
boundaries 3^ are preferred screens suitable to encode holographic datas; on 
the other side a key concept for the AdS/CFT scenario such as the holographic 
renormalization process, is not available in an asymptotically flat manifold due 
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to the high focusing of Ught rays which leads to the formation of caustics; thus 
a purely geometrical reconstruction of the bulk is impossible. 

In order to fully implement the holographic principle in the asymptotically 
flat scenario, we switched our attention to a pure field theoretical point of view 
hoping to share some light on the bulk/boundary correspondence from the cor- 
relator of a BMS field theory. In order to complete this task, we need to know 
the full spectrum of particles for the boundary theory; in this thesis we reached 
this goal constructing the field equations for all the BMS invariant particles fol- 
lowing a road similar to Wigner construction for the Poincare scenario In 
this approach we started from the theory of representation for the BMS group 
and we introduced the covariant BMS wave equations as maps from the set of 
supertranslations N — L?{S'^) into a suitable Hilbert space^. Moreover, from 
these equations, we can conclude that, whatever is the holographic dual theory, 
it has to show an high degree of non locality since the particles evolve on N 
which is an infinite dimensional Hilbert (and affine) space where there is no 
proper notion of metric. The concept of distance itself, i.e. = / ^j^^g^, is 
strictly dependant on the choice of the supertranslation and it has no direct 
correspondence with points on 3^ ; this is a clear key sign of non locality. 

In the spirit of Wigner program, we also introduced the induced wave equa- 
tions which are maps from the orbit of the little groups into a suitable Hilbert 
space. From these datas we achieved a twofold result: from one side we have 
shown that the covariant wave equation reduces to the induced equation if we 
impose that each BMS field satisfies the relation 

T:{a)%l){a) = V'(a), 

where i/' is the covariant wave and tt is a suitable orthoprojector. Although the 
interpretation of the above relation is not immediate, we have shown that in 
the Poincare scenario, it is totally equivalent to the usual field equations such 
as the Klein-Gordon or the Dirac equations. On the other side the induced 
wave equations allowed us to discover the full spectrum of the BMS field the- 
ory; comparing it with the Poincare spectrum, we can outline some important 
remarks: 

• the particles coming from the SU (2) little group can be easily put in cor- 
respondence with Poincare massive particles whereas the fields associated 

^This is in no contrast with the usual notion of the fields as maps from space-time into an 
Hilbert space since the space of supertranslations is the quotient of the BMS with the Lorentz 
group in the same way as Minkowski is the quotient of the Poincare with the Lorentz group. 
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to other little groups, most notably, the groups T and 8 cannot be directly 
mathced with any bulk datas. 

• in the BMS frameork, massless particles have no difference from their mas- 
sive counterpart and a massless wave equation can be derived as the limit 
of m ^ of the massive one. This is a striking difference from the Poincare 
group since in that case massless fields are associated to unfaithful rep- 
resentations of the E{2) group and they have no direct correspondence 
with their massive counterpart. This is clearly a pure supertranslational 
effect since it is possible to show that in the limit m ^ 0, the Poincare 
four momentum vanishes whereas in the BMS scenario we have still the 
freedom to choose a non zero supermomentum. 

Another interesting point that rises from our analysis is related to the discrete 
little groups. Their structure is identical to the common ADE series and we ad- 
vocate the hypotesis proposed in [HII to relate them to instanton configurations 
of the gravitational field. This idea is extremely suggestive since it impHes that 
already at a classical level, we have a residual sign on the boundary of a pure 
quantum gravity effect; on the holographic side this remark tells us that we are 
facing a scenario which is completely different from the usual paradigm where 
the boundary dual theory loses notion of the gravitational field. 

Eventually we conclude that the analysis in this thesis strongly encourages 
the research of an holographic correspondence in an asymptotically flat back- 
ground starting from a field theory invariant under the asymptotic symmetry 
group. Thus, at this stage, we are now facing two possible roads in order to con- 
tinue the analysis along the fines presented in this thesis: from one side it would 
be interesting to find an action functional for the BMS fields on the underlying 
Hilbert space N. Since there is no proper notion of metric, the usual techniques 
are doomed to failure; for this reason we suggest to follow a pure group the- 
oretical approach starting from the caodjoint orbits for the BMS group. This 
line of research was first introduced by Witten for the Virasoro algebra ^3 ^^'^ 
generalized to any infinite dimensional Lie group in |HH|- The underlying idea is 
based upon the existence on any coadjoint orbit O of a symplectic form Q which 
allow us to interpret the pair (O, fl) as a symplectic manifold and as the phase 
space for the correspondent BMS particle. For a system with vanishing hamil- 
tonian such as a conformal field theory, the above datas are sufficient in order to 
introduce the action for the system, whereas in our framework we need to find a 
proper hamiltonian for each particle in order to fully understand the underlying 
dynamic. A possible evolution in this direction comes both from the analysis in 
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and jlOO) where a global BMS invariant hamiltonian is introduced although 
it is unknown at present how to extract from it the corresponding hamiltonian 
for each single particle (see |lfll| for a recent progress). 

A second line of research, which we also strongly advocate, follows 't Hooft 
suggestion to encode the dynamic of field evolution in an asymptotically fiat 
space-time through a proper S-matrix connecting the states on S"*" with those 
on Q~ . In this approach there is no direct reference to any hamiltonian and we 
refer only to the usual techniques used to analyize Hilbert spaces. Following in 
particular the lines of Ashtekar work |l()2j . this idea seems very promising but it 
still lacks direct contact with the pure geometrical datas about the BMS group 
and it is still difiicult to concieve a way to explicitly write the S-matrix. 

Although a full understanding of the holographic correspondence in asymp- 
totically fiat space-times is still far away, another interesting point which emerges 
from this thesis refers to the implementation of holography in our framework 
in a different dimension. From the analysis of the asymptotic symmetry group, 
the situation seems quite different from the one cexpected from past experiences 
in the AdS/CFT scenario. In particular, if we consider d > 4, the situation can 
be quite easier since there are indications that it is possible to extract a unique 
Poincare group from the BMS group although a universally accepted demon- 
stration of this property is still lacking. On the opposite if we consider a three 
dimensional manifold, the situation is completely different and apparently much 
more complicated since in this case the BMS group is the semidirect product 
of the Lorentz group with the diffeomorphism of the circle. We cannot avoid 
to notice a situation very similar to AdS^/CFT2 since both CFT2 and BMS3 
have a conformal algebra. Moreover this leads us to conjecture that, in the same 
spirit as for CFT2, |in3| a possible classical central charge emerge for the BMS3 
algebra and preliminary works in this direction |1()4) could suggest that this a 
concrete chance. 

For sake of completeness let us also mention that, in the spirit of finding an 
holographic correspondence, recently new lines of research have been proposed, 
the most notable one by Banks who suggests to slice an asymptotically fiat 
space-times through a diamond D. The dual theory should be constructed on 
the boundaries of such a diamond and the holographic regime would be reached 
only in the limit where D is coincident with the boundaries. Although this 
approach is interesting and avoids a lot of technical problems, we still advocate 
a direct study of the asymptotic symmetry group since the above mentioned 
approach does not take into account both the null nature of 9^ , and the origin 
of the BMS group. As far as D is in the bulk, the field theory living on its 
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boundaries is by construction Poincare invariant and the BMS will not naturally 
appear in an asymptotic regime. Moreover by sending D to infinity we have to 
consider not only the null boundaries 3^ but also the spatial infinity io where 
the asymptotic symmetry group, the Spi, is different from the BMS and it is 
unclear to us how in a potential dual theory both the BMS and the Spi invariance 
could cohabit at the same time. 

On a different ground, in this thesis we studied discretized systems and in 
particular triangulated surfaces. Our starting point was the tentative in to 
implement the holographic principle in the context of Ponzano-Regge calculus. 
Unfortunately, although a scheme to find a boundary partition function Zhound 
was introduced, the boundary functional itself was difficult to interpret. The 
leading idea was that, since in the continuum counterpart, there is a strict 
relation between a Chern-Simons theory living in the bulk of a three dimensional 
manifold M and a WZW model Hving on dM, the functional Zhound should be 
related to an SU(2) WZW model. The main result of chapter 2 and 3 has 
thus been to provide the correct definition of such a model on random Regge 
triangulation and in particular we constructed the partition function for the case 
SU{2) at level 1. Morover the results of this thesis on the ground of discretized 
models open a lot of interesting line of research. 

As an example, in the language we have introduced, 2D gravity can be pro- 
moted to a dynamical role by summing over all possible Regge polytopes 
{i.e., over all possible metric ribbon graphs {F, r)}}). It is clear, from 
the edge-lenght dependence in that the formal Regge functional mea- 
sure oc n{pi(p r)} ^-^(P' involved in such a summation, inherits an anomalous 
scaling related to the presence of the weighting factor (to be summed over all 
isospin channels j{r,p)) 

Ni(T) 

W L{p,r)-^"Hr^.>, (5.1) 

{pi(p,r)} 

where the exponents {-ffj(^ } characterize the conformal dimension of the boun- 
dary insertion operators {V'j^"' A dynamical triangulation prescription {i.e., 
holding fixed the {l{p, r)} and simply summing over all possible topological rib- 
bon graphs {r}) feels such a scaHng more directly via the two-point function 
U.S. 4911 . and (13. fifi|l (again to be summed over all possible isospin channels j{r,p)) 
which exhibit the same exponent dependence. 

This remark is extremely important from the view point of the critical string 
where we still lack a universally accepted explenation for the anomalous scaling 
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related to the conformal factor. We suggest that the definition of a WZW model 
on a triangulated Riemann surface thus open the chance to find in the language 
of discretized models a way to correctly describe such scaHng. 

More in the spirit of the duality CS/WZW model, it could be of great inter- 
est to better understand how IjH.fiHIl relates with the bulk dynamics in the double 
Vm of the 3-manifold Vm associated with the triangulated surface M. Since we 
are in a discretized setting, such a connection manifests itself, not surprisingly, 
with an underyling structure of Z^^^ {\Pti\j {h{Sg'^)-^)}) which directly cahs 
into play, via the presence of the (quantum) 6j -symbols, the building blocks of 
the Turaev-Viro construction. This latter theory is an example of topological, 
or more properly, of a cohomological model. When there are no boundaries, it 
is characterized by a smah (finite dimensional) Hilbert space of states; in the 
presence of boundaries, however, cohomology increases and the model provides 
an instance of a holographic correspondence where the space of conformal blocks 
of the boundary theory {i.e., the space of pre-correlators of the associated CFT) 
can be also understood as the space of physical states of the bulk topological field 
theory. A boundary on a Riemann surface, for instance, makes the cohomology 
bigger and this is precisely the case we are dealing with since we are represent- 
ing a (random Regge) triangulated surface \Ti\ M by means of a Riemann 
surface with cylindrical ends. Thus, we come to a full circle: the boundary 
discretized degrees of freedom of the SU (2) WZW theory coupled with the dis- 
cretized metric geometry of the supporting surface, give rise to all the elements 
which characterize the discretized version of the Chern-Simons bulk theory on 
Vm- What is the origin of such a Chern-Simons model? The answer lies in the 
observation that by considering SU{2) valued maps on a random Regge poly- 
tope, the natural outcome is not just a WZW model generated according to the 
above prescription. The decoration of the pointed Riemann surface ((M; Nq),C) 
with the quadratic differential 4>, naturally couples the model with a gauge field 
A. In order to see exphcitly how this couphng works, we observe that on the 
Riemann surface with cylindrical ends dM, associated with the Regge polytope 
\Pti\ —> M, we can introduce su(2) valued fiat gauge potentials locally 
defined by 



) 
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around each cyUndrical end A^j.^^ of base circumference L{i), and where 7, G 
SU{2). (It is worthwhile to note that the geometrical role of the connec- 
tion is more properly seen as the introduction, on the cohomology group 
H^{{M, No);C) of the pointed Riemann surface {{M, No);C), of an Hodge struc- 
ture analogous to the classical Hodge decomposition of H^{M \C) generated by 
the spaces 7^'"''*"'' of harmonic /i-forms on (M; C) of type (r, h—r) . Such a decom- 
position does not hold, as it stands, for punctured surfaces since H^{{M, No);C) 
can be odd-dimensional, but it can be replaced by the mixed DeHgne-Hodge de- 
composition). The action S^^^^ {rj) gets correspondingly dressed according to a 
standard prescription (see e.g. [!¥ ) and one is rather naturally led to the famil- 
iar correspondence between states of the bulk Chern-Simons theory associated 
with the gauge field A, and the correlators of the boundary WZW model. 

Let us also stress that the relation between Il3.fi9|l and a triangulation of the 
bulk 3-manifold Vm, say, the association of tetrahedra to the (quantum) 6j- 
symbols characterized by Ij3.60p , is rather natural under the doubling procedure 
giving rise to Vm and to the Schottky double . Under such doubling, the 
trivalent vertices {yO°(p, ?")} of \Pti\ M yield two preimages in Vm, say 
(T°3^(a) and ct°3-|(/3), whereas the outer boundaries •S'g^p ^f)(q)' ^d{r) dissociated 
with the vertices <j'^{p), "'"(g), and a^{r) in |T;| — ^ M are left fixed under the 
involution T defining . Fix our attention on a'^^-j{a), and let us consider 
the tetrahedron tr^g^ (p, 9, r, a) with base the triangle (T^(p, g, r) e ^ M and 
apex cr°3-)(a). According to our analysis of the insertion operators {''Pf'^''^ ^} , 
to the edges a^{p,q), a^{q,r), and a^{r,p) of the triangle a^{p,q,r) we must 
associate the primary labels j{p,q), j{q,r), and j{r,p), respectively. Similarly, 
it is also natural to associate with the edges cr^g-, {p, a), crjg^ (g, a), and cr^g-, (r, a) 
the labels jp, jq, and jr, respectively. Thus, we have the tetrahedron labelling 

crf3){p,q,r,a) 1 — > {j{p, q), j{q,r), j{r,p); jp, jq, jr) ■ (5.3) 

The standard prescription for associating the 6j-symbols to a S'i7(2)Q-labelled 
tetrahedron such as cr^gj {p, q, r, a) provides 

jr j{q,r) j{p,r) J Q^^f 

which (up to symmetries) can be identified with H3.6r)ll . In this connection, one 
can observe that the partition function H3.fi9|l has a formal structure not too 
dissimilar (in its general representation theoretic features) from the boundary 
partition function discussed in Such a correspondence should be analy- 

ized in details since a possible matching between the partition function of a 
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discretized SU{2) WZW model and the functional Zf,ound would definitely al- 
low us to understand the mechanism of the holographic principle above all in 
a system where it is apparently realized in a way completely different from the 
"canoncial" one seen in the AdS/CFT. 
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Appendix A 



Induced representations for 
semidirect product groups 

We review in the following the theory of induced representations for semidirect 
product groups. Notations and conventions are those of [73] , 

Choose a locally compact group G and a closed subgroup K C G whose 
unitary representations a : K ^ U{M) on a Hilbert space M are known. On 
the topological product G x V, define an equivalence relation 

{gk, v) {g, a{k)v) Vfc G K, 

and the natural map 

t: -.G xkV ^ G/K, (A.l) 

assigning to equivalence classes [g,k] the element gK on the coset G/K. The 
structure given in ljA.l|l is clearly the one of a fiber bundle where the generic 
fiber over a base point {■K~^{gK) — {[g,v]}) uniquely determines the element 
V £ M. This bijection gives to ■K~^{gK) the structure of a Hilbert space^. 

One can also introduce then a Hilbert G-bundle which is a Hilbert bundle as 
before with the action of a group G on both X, Y such that the map 

ag -.x — > gx, Pg-.y — > gy 

is a Hilbert bundle automorphism for each group element. 

Choose then a unique invariant measure class on the space G/K defined as 

Hilbert bundle is defined a.s -k : X ^ Y where both X,Y are topological spaces and a 
structure of a Hilbert space is given to 7r~^(p) for each p e y. 
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above-i.e. for any g G G, for any Borel set E and for a given measure /i also 
Hg{E) = fi{g^^E) is a measure in the same class. It can be extended to any 
G-Hilbert bundle ( = {tt : X ^ Y) where G is a topological group; besides given 
the Hilbert inner product on a fiber 7r~^(p) and an invariant measure class fj, 
we can introduce 

W = ^ V I V' 0- Borel section of the bundle, J < ip{p), ip{p) > dfi{p) < oo 
A unitary G-action on H is given by: 



This action is also a representation of G on Ti. and does not depend on the 
measure /i. Moreover this construction grants us that for any G-Hilbert bundle 

= {tt : G X K V ^ G / K) defined by a locally compact group G and by a K- 
representation a, it is possible to derive an induced representation T{(„) which 
basically tells us that from any representation cr of ii' we can de facto induce 
a representation T to G. Consider now a group G which contains an abelian 
normal subgroup TV. If we choose a subgroup H such that the map N x H 
is bijective, we can show that there exists an isomorphism between G and the 
semidirect product of N x H. 

A character of A/^ is a continuous homomorphism 

X-.N^Uil). (A.2) 
The set of all these maps forms an abelian group called the dual group: 

^ = {X I (XiX2)(«) = X1WX2W} 

Define then a G-action {G ^ N x H) onto the dual space induced from GxN ^ 
N letting {g,n) — > g~^ng such that 

G X N N 

gives gxin) = x(ff~^'^•^?)• Thus for any element x S -/V, one can define the orbit 
of the character as: 

Gx = {gx I .9 € G} , 

and the isotropy group of a character under the G-action as: 

Gx = {9 I 9 e G, gx = x}- 
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Clearly the set is never empty due to the fact that N acts trivially onto a 
character. Introduce now L^= H C\ G^, then 

G^= N tK L^. 

The group is cahed the little group of x and it is the isotropy group of the 
character x under the action of the subgroup H C G. 

Consider now a unitary representation a for the little group acting on a 
vector space V. Then the map 

Xcr:NxV^ U{N x V), 

such that {n,v) x(n)cr(w), is a unitary representation of G^ on the vector 
space V. So one can introduce an Hilbert G-bundle it : Gxg^V ^ G/G^ with a 
base space isomorphic to the space of orbits Gx defined for every representation 
XCT. One finally has 

Theorem 4 (Mackey) Let G ^ N v. H he a semidirect group as above and 
suppose that N contains a Borel subset meeting each orbit in N in just one 
point. Then 

• The representation T(C) induced by the bundle n : G Xg^ V ^ G/G^ is 
an irrep of G ^ N x H for any x o,nd for any a. 

• each irrep of G is equivalent to a representation T{C,) as above with the 
orbit Gx uniquely determined and a determined only up to equivalence. 



A.l BMS representations in Hilbert topology 

We endow the supertranslation group with an Hilbert inner product: 

<a,P>^ I a{x)(3{x)dn; (A.3) 



S2 

where x G S'^, and the supertranslations a, (3 are scalar maps S"^ — > 3?. Therefore 
N = L'^{S'^) is an abelian topological group. 

Any element a in the supertranslation group can be decomposed as: 

a{9, 0) = ^ ahnYir,i{0, (j)). 

l,m 

This decomposition is topology independent but in the case we are considering 
the complex coefficients aim have to satisfy 

aim = ( — -m- 
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Notice that supertranslations admit a natural decomposition into the direct 
sum of two orthogonal (under the Hilbert space internal product) subspaces 
(i.e. subgroups): translations and proper supertranslations. In particular, for 
any a{6, 4>) G L^(5'^), one can write a = ao + ai with: 

1 ; ; 

l—O ni— — l 1>1 m——l 

Thus N can be written as: 

where A is the translation group and B = N — A. One has however to keep in 
mind that this decomposition, as an isomorphism, is not preserved under the 
action of the SL{2, C) group. 

Consider the dual of the supertranslation space, the character space N whose 
elements can be written exploiting the Reisz-Fischer theorem for Hilbert spaces 
as: 

xevv^x(a) = e*<*'«>, 

where (j) G N is uniquely determined. The G-action on N is defined as the map 
G X N N sending the pair {g,x) to gx{oi) = x{9~^{'^))\ instead from the 
point of view of an element (f) € N, the action G x N —^ N is: 

g4>{z, z) = K~^{z, z)(l){gz, gz). 

The above relation tells us that the dual space N is isomorphic to the su- 
pertranslations space TV and there exists a decomposition of iV as a direct sum 
of two subgroups-i.e. N = Aq ® Bq, where Aq is (isomorphic to) the space of 
Hnear functionals vanishing on A whereas Bo is the space of Hnear functionals 
vanishing on Bq. This means that .4o is composed by those character mapping 
all the elements of A into the unit number and the same holds also for Bq . As in 
the supertranslation case, this decomposition is only true at the level of vector 
fields since it is not G-invariant. The onlyu space which is not changing under 
group transformations is the subspace Aq. 

Since one can associate a unique element of N , namely (f) to each x(a) one 
can also decompose this field as: 

1 ; / 

/=0 7n=—l l>\ m=—l 

where the first piece in the sum is in one to one correspondence with the quadru- 
plet (po,Pi,P2,P3) which can be thought as the components of a momentum 
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vector related to the Poincare group. For this reason one can introduce a new 
space A' isomorphic both to A and A which is given by the set of all possible 
functions (j) and which is often referred as the supermomentum space. 

One can now find representations of the BMS group in Hilbert topology with 
the help of Mackey's theorem applying it to this infinite dimensional (Hilbert)- 
Lie group in the spirit of The first step consists in finding the orbits 

of 5^(2, C) in N which are homogeneous spaces that can be classified as the 
elements of the set of non conjugate subgroups of 5*^(2, C). In order to find a 
representation for the BMS group, after classifying the homogeneous spaces M, 
we shall find a character Xo fixed under M and then identify each M with its 
little group associated with the orbit Gxo ^ G/L. 

As a starting point we shall consider only connected subgroups of SL{2, C). 
The Hst of these groups is well known but most of them do not admit a non 
trivial fixed point in N. This request restricts them to 



Little group 


Character 


Fixed point 


Orbit 


SU{2) 


X{a) = e*<^'"> 




PSL{2,C) 


r 




C(UI) 


G/r 


Z2 


x{a) — e*<"^o(^.2)."> 




G/SU{2) 



where F, which consists of diagonal matrices, is the double cover of S0{2) and 
where Z2 is not formally a connected group but nonetheless it is the center of 
5^(2, C) and for this reason it acts in a trivial way. 

At this point one needs to express expHcitly the induced representations; 
this operation consists in giving a unitary irrep U of on a suitable Hilbert 
space H for any little group and a G-invariant measure on the orbit of each 
little group. For the connected subgroups, one has [7r] : 

• the group Z2 has only two unitary irreps, the identity and a second 
faithful representation Z)^ both acting on the Hilbert space of complex 
numbers C as: 

i:»°(±/) = 1, D^{±i)^±i. 

• the unitary irreps of r('--^ t^^Z) are instead indexed by an integer or half 
integer number s acting on the Hilbert space of complex numbers C as: 

D^{g) = e'^*, 

where g G F and 

" eT " 
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• the unitary irreps of SU (2) are the usual ones acting on a 2j + 1 dimen- 
sional complex Hilbert space with j & ^■ 

Consider now the case of non connected little groups; the hope is that all 
these groups are compact since this grants us that their representations can be 
labelled only by finite indices. For the BMS group in the Hilbert topology this 
is indeed the case since it was shown in [21] (see theorem 1) that all little groups 
are compact. Besides, since the homogeneous Lorentz group admits SO{i) as 
maximal compact subroup, we need to analyse only subgroups of 5*0(3). The 
list of these subgroups has been in [77] : 

Cn Dn T^Ai o^Si i^A5 e = ri?2, 



where i?2 = { I,J 



It shows that we are dealing only with 



1 

-1 

groups with finite dimensional representations which means that there are no 
continuous indices labelling states invariant under BMS group with Hilbert 
topology. 

As in the usual approach, one can then construct on each orbit a constant 
function, namely the Casimir, in order to classify them. Instead of working 
on N it is easier to consider the space of scalar functions N' isomorphic to 
N and endow it with a bihnear application assigning to the pair (<;ii,<^2) the 
number B{(j)-^,(j)2) = ''^{4>i) ■ '^i4>2) where tt is the projection on the momentum 
components (i.e. n : N' ^ A') and the dot denotes the usual Lorentz inner 
product. It is also straightforward to see that the bilinear appHcation is G- 
invariant. 

This last property implies that on each orbit in N, the function B is constant 
and its value can be calculated since 7r(0) = (pojP1jP2,P3) so that: 

5(0,0) = 7r(0) • 7r(0) = 

One can thus label each orbit in the character space with an invariant, the 
squared mass, together with the sign of the "temporal" component i.e. sgn^po). 
These invariants grant only a partial classification since, for example, in the case 
of unfaithful representations, 7r(0) = 0, which implies that the above invariants 
are trivial. For faithful representations too, we cannot conclude that the classi- 
fication is complete since different orbits can correspond to the same value for 
the mass. One can also find a constant number to label the orbits corresponding 
to unfaithful representations-i.e. an bilinear invariant application mapping at 
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least A° to real numbers. This has been done in |77) : 

Q'^=Tt'^ I I i^l—^^ll^^lll ^(l){zi,Zi)(j){z2,Z2)dfi{zi,Zi)dfl{z2,Z2), 

J J (1+1 Zi |2)(1+ I Z2 |2) 

(A.4) 

where (j) is a function of class C°°{S^). Thus is defined only for a subset 
dense in the Hilbert space L'^{S'^) which from the physical point of view makes 
no difference. 

A. 2 BMS representations in nuclear topology 

The study of BMS group to label elementary particles started with the hope 
to remove the difficulty with the Poincare group concerning the continuous 
representations associated to the non compact E{2) subgroup. Unfortunately, 
continuous representations appear if one chooses for the supertranslations a 
different topology (for istance C^{S'^)). This was for the first time pointed 
out in |8()j where it was shown that also non compact little groups appear (for 
instance E{2)). 

Nonetheless it is worth studying representations for the BMS group with N 
endowed with the topology C°°(5^). In this case the action of SL{2,C) on the 
space of supertranslations is given by a representation T equivalent to the irrep 
of SL{2,C) on the space 13(2.2) introduced by Gel'fand. This implies that we 
have to use techniques proper of rigged Hilbert spaces. 

The main object we shall deal with is D(^ri,n) which is the space of functions 
f{z,uj) of class C°° except at most in the origin. These functions also satisfy 
the relation f{<7z^aw) —\ a ji^^^w) for any cr S C. At the end of the 

day, one has the following chain of isomorphisms 

BMS kG < — > D^2,2) X G < — > D2 X G, 

where D2 is the space of C°° functions C(^) depending on a single complex 
variable such that any element g{z,w) € £'(2,2) can be written as g{z,w) = \ 
z p C(^i) =1 ^ P C(^i) with zi = f and C(^i) =1 z, p ({z^^). 

Irreducible representation can arise (see theorem 2 in ^|]) can arise either 
from a transitive G action in the supermomentum space or from a cylinder mea- 
sure fi with respect to the G action is strictly ergodic i.e. for every measurable 
set X C N' n{X) = or /x(iV' — X) = and fi is not concentrated on a single 
G-orbit in TV'. 

The first step is to classify all little groups; they can either be discrete sub- 
groups, non-connected non discrete Lie subgroups and connected Lie subgroups. 
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Discrete subgroups can be derived exactly as in the Hilbert case and so the 
only connected little groups for the BMS group are: 

SU{2), r, A, SL{2,R). 

Here one can point out the first difference between the Hilbert and the 
nuclear topology which consists in the appearance of the SL{2,R) little group 
which will contribute only to unfaithful representations. 

Non connected non discrete subgroups S can be derived using still theorem 
5 in (22] since each S" is a subgroup of the normalizer N(So) where Sq is the 
identity component of S. Here is the list: 

• Si which is the set of matrices 

with a = e~ , < J' < 1) ^ , 

• S2 which is the set of matrices 
where q is a fixed non negative number and r € zj^ , 

• S3 which is the set of matrices 

where zi, Z2 S C and r, s are integers, , 

• Si which is the set of matrices 

1 r 
1 

To establish the faithfulness of the irreps, one needs to calculate the projec- 
tion on the supermomentum space of supertranslation: 

T^Wi^') ^ ^ J dzdz{z - z'){z - z')0(z) 7^ 0. 

The only connected groups occuring as little group for faithful representa- 
tions are F, A, SU{2) with vanishing square mass 0. It is also interesting to 
notice that the orbit invariant defined for the Hilbert topology for unfaithful 
representations is not available in the nuclear topology since it is not defined for 
distributional supermomenta. Finally no information is available about discrete 
subgroups since it very difficult to classify them above all for infinite discrete 
subgroups. This means that the study of BMS representations in the nuclear 
topology has to be completed yet. 
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Appendix B 



Wave equations in fiber 
bundle approach 

We are going to briefly review in the following deflnitions and notations used in 
the derivations of the BMS wave equations following . As said we use sort 
of diagrams to facilitate the reader even if they are not rigorous mathematically 
speaking. 

Consider then 

P{H, M) - - ^ GL{V) 

TT I * 

M < E{M,V) 

In our case P(iJ, Af) is a group G and a principal bundle whose flber is a 
closed subgroup of G and whose base space is the homogeneous space given by 
the coset G/iJ; each linear representation a : H ^ GL{V) automatically defines 
the vector bundle (that's the reason why we used the dotted lines) E{M, V) = 
P XhV whose generic element is the equivalence class [u,a] with u £ P and 
a . The equivalence relation defining this class is given by (w, a) ^ {uu' , a) = 
{u, a(u')a). 

One defines than a G-action; in particular on P = G it is the obvious one 
i.e. g[uh) — {gu)h whereas on M the action is induced through the projection 
TT as gTT{u) = T^{gu). Finally on the E bundle the G-action is g[u, a] = [gu, a], i 
if we consider a generic section for the E bundle i.e. ip : M ^ E{M, V), we can 
act on it through a linear representation of G as: 

(C/(5)^)(.9m) =5VM- (B.l) 



119 



APPENDIX B. WAVE EQUATIONS IN FIBER BUNDLE APPROACH 



120 



This representation is exactly the "induced" representation of G constructed 
from the given one a of the subgroup H. Moreover if a is pseudo-unitary 
and it exists an invariant G-measure on M we can define an internal product 
(,) : r{E) X T{E) C as: 

<ip,4>>= J d^h,n{tp,(j)), 

M 

where hm is the induced internal product on the fibre n~^^{x). 

In the specific case of semidirect product of groups i.e. G = N x K (N 
abelian), one can define a G-action on the character space N: 

gxign) = x{n)- 

For any element Xo one can construct its stability (little) group G^^ : N k K^^ 
and assign a representation a : K^^ GL{V). This induces a representation 
XqCt : Gxg V which associates with the couple (n,g) the element Xo(")'''(ff)- 
Thus in our diagram the group G^^ is playing the role of H and M becomes 
the coset space G/G^^^ The diagram is then: 

G(iV><i^^„,G/GxJ-^-^'"- ^GL{V) 

I 

TT I * 

> ' Y 

G/Gxo- ^^E{G/G^^,,V) 

Since we want to describe vector valued functions / : G/G^^ V , a represen- 
tation of U can be made fixing a section s : G/G^^ G and remembering that 
for any element ip G T{E) there exists a function : P ^ V: 

iP{tt{u)) = [uj^{u)]. 

A vector valued function is: 

U = U° s- 

Let us notice that this construction makes sense only if the section s is 
global otherwise / is not defined everywhere; this happens only if the bundle 
G is trivial i.e. G = M x H which is always the case in the situation we are 
interested in. 

Moreover equation ijB.ip translates in: 



{U{g)U] {gx) = (7(7(5, a;))/v,(a;), 



(B.2) 
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where in our case 7 : (A^ k K) x G/G- 



Xo 



G^^ is defined as: 



s{gx)-f{g,x) = gs{x) 



(B.3) 



From now on we shall call IIB.211 the canonical (or induced) wave equation. 

In physical relevant situations covariant representations are used instead of 
induced ones. In this case we deal with a principal bundle G{X,Gxo) where 
Xo G X and the interesting representations are those preserving locality on the 
physical relevant space X and acting on a vector valued function f : X ^ V as: 



where ^ is a map from G x X to GL{V) satisfying the property: 

^(31.92,2;) = M9i,92x)A{g2,x). 

Examples of these representations are those induced from the isotropy group 
Gxo when expressed in term of sections s : X ^ G. Let us also notice that 
there exists a map S : Gxg GL{V) assigning to an element 7 the matrix 
E(7) = A(7,a;o) and the induction of such a representation from the isotropy 
group to the entire G generates the representation 



[T{g)f]{gx)^A{g,x)f{x), 



(B.4) 



A'ig,x) = ^ij{g,x)), 



where 7 is defined as in l)B.3|l and g = {(p, A). 
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